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This project explores the application of noncommutative geometry to model and analyze sustainable systems, particularly fo-
cusing on ecological networks and energy distribution systems. We develop a mathematical framework that treats complex
interconnected systems as noncommutative spaces, where the failure of commutativity captures the intricate dependencies and
feedback loops characteristic of sustainable ecosystems. The project combines rigorous theoretical development with compu-
tational simulations to demonstrate how geometric and algebraic tools from quantum mathematics can provide insights into

stability, resilience, and optimization of sustainable networks.

Introduction

The mathematical study of sustainable systems presents
unique challenges that distinguish it from classical dynamical
systems theory. Ecological networks, renewable energy grids,
and material recycling systems exhibit properties such as non-
local interactions, hierarchical organization, and emergent be-
havior that resist description by traditional commutative ge-
ometric methods. In these systems, the order in which mea-
surements or interventions are made fundamentally affects the
outcome, much like the measurement problem in quantum me-
chanics. This observation motivates the application of non-
commutative geometry, a mathematical framework originally
developed for quantum physics, to the study of sustainable
systems.

The structure of this project balances theoretical depth with
computational exploration. We begin by establishing the nec-
essary mathematical foundations in noncommutative algebra
and operator theory, then specialize these tools to the con-
text of network systems. Through a series of phases, we de-
velop increasingly sophisticated models, prove key theorems
about their properties, and implement simulations that reveal
the behavior of these models under various conditions. The
culmination of the project demonstrates how noncommutative
geometric invariants, such as K-theory groups and cyclic co-
homology, can serve as quantitative measures of system re-
silience and sustainability.

Project Structure and Phase-by-Phase Plan

This research project is organized into six interconnected
phases, each building upon the previous one to create a com-
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prehensive exploration of noncommutative geometry in sus-
tainable systems. Each phase contains both theoretical devel-
opment with rigorous proofs and computational components
involving simulations. The theoretical portions establish the
mathematical validity of our approach, while the simulations
provide intuition and test the applicability of our methods to
realistic systems.

Phase 1: Mathematical Foundations

The first phase establishes the essential mathematical frame-
work for the entire project. We begin by reviewing the
fundamental concepts of operator algebras, focusing on C*-
algebras and their role as noncommutative analogs of topolog-
ical spaces. The key insight, due to Gelfand and Naimark, is
that every commutative C*-algebra is isomorphic to the alge-
bra of continuous complex-valued functions on some compact
Hausdorff space. When we relax the commutativity assump-
tion, we obtain genuinely new geometric objects that cannot
be described by point-set topology alone.

Phase 2: Graph Algebras and Network Encoding

The second phase bridges the gap between abstract noncom-
mutative geometry and concrete network structures. We intro-
duce the theory of graph C*-algebras, which associates to any
directed graph a specific noncommutative algebra encoding
the graph’s structure. Given a directed graph G with vertices
V and edges E, the graph algebra C*(G) is generated by pro-
jections corresponding to vertices and partial isometries corre-
sponding to edges, subject to relations that reflect the graph’s
connectivity.

We will develop detailed worked examples showing how
specific network topologies translate into algebraic structures.
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For instance, we will construct the graph algebra for a sim-
ple food web with primary producers, herbivores, and carni-
vores, showing explicitly how the noncommutative relations
capture the directionality of energy flow. We will prove that
certain symmetries of the food web correspond to automor-
phisms of the associated algebra, and that these symmetries
are preserved under ecological perturbations only when spe-
cific stability conditions are met.

Phase 3: Quantum Groups and Symmetry

The third phase introduces quantum groups as tools for de-
scribing symmetries in noncommutative geometry. While
classical groups describe symmetries of commutative spaces,
quantum groups extend this notion to noncommutative set-
tings. A quantum group is a Hopf algebra, which consists of
an algebra equipped with additional structure (comultiplica-
tion, counit, and antipode) that abstracts the properties of the
algebra of functions on a group.

We will focus on specific examples relevant to sustain-
able systems, particularly the quantum groups SU,(2) and the
quantum torus. For SU,(2), where ¢ is a deformation param-
eter, we will derive the defining relations and prove that when
g = 1, we recover the classical special unitary group SU(2).
The case g # 1 represents a genuine quantum deformation, and
we will explore how this deformation parameter can model the
degree of nonlocality or entanglement in a sustainable system.
For instance, in an ecological network, g might parameterize
the strength of indirect interactions or the extent of cascade
effects.

Phase 4: Spectral Triples and Geometric Structure

Phase four introduces Connes’ notion of a spectral triple,
which provides a noncommutative analog of a Riemannian
manifold. A spectral triple consists of three components: an
algebra o7 acting on a Hilbert space .7, and an operator D
on ¢ called the Dirac operator. The Dirac operator encodes
geometric information such as distance and curvature in the
noncommutative setting. For our purposes, we will interpret
&/ as the algebra of observables of a sustainable system, .7
as the space of system states, and D as an operator encoding
the cost or difficulty of transitions between states.

Phase 5: K-Theory and Topological Invariants

The fifth phase develops the K-theory of our noncommuta-
tive sustainable systems, which provides topological invari-
ants that are robust under continuous deformations of the
system. K-theory assigns to each C*-algebra a sequence of
abelian groups, denoted Ky and Kj, which capture essential
topological features. For our network algebras, elements of
Ky correspond to formal differences of projections (which can

represent ecological niches or energy storage sites), while el-
ements of K| correspond to unitaries (which can represent
cyclic processes or feedback loops).

We will prove several fundamental theorems about the K-
theory of graph algebras. Using the Pimsner-Voiculescu exact
sequence, we will compute the K-groups for specific exam-
ples of sustainable networks, showing how they depend on the
graph’s structure. A key result establishes that the rank of Ky
equals the number of strongly connected components in the
network, while properties of Kj relate to the number of inde-
pendent cycles. These results provide a rigorous connection
between algebraic topology and network ecology.

Phase 6: Applications and Synthesis

The final phase synthesizes the theoretical and computational
work from previous phases into cohesive applications to spe-
cific sustainable systems. We will focus on two main case
studies: a terrestrial food web model and a renewable energy
distribution network. For each case study, we will construct
the appropriate noncommutative geometric model, compute
its invariants, and simulate its dynamics under various scenar-
ios.

Literature Review

The application of noncommutative geometry to sustainable
systems represents an emerging interdisciplinary frontier that
bridges quantum mathematics, network theory, and ecolog-
ical modeling. This review synthesizes foundational works
in noncommutative geometry, operator algebras, graph C*-
algebras, quantum groups, and their applications to complex
networks. We organize the literature into four thematic clus-
ters: (1) foundational noncommutative geometry, (2) graph
and network algebras, (3) quantum groups and symmetry, and
(4) applications to ecological and energy systems.

Foundational Noncommutative Geometry

The mathematical framework of noncommutative geometry
was pioneered by Connes" in his seminal treatise, which in-
troduced spectral triples as the noncommutative analog of Rie-
mannian spin manifolds. The Dirac operator encodes metric
and differential structure, while cyclic cohomology provides
integration theory. In Gracia-Bondia et al., the authors offer
a comprehensive exposition of C*-algebras, von Neumann al-
gebras, and K-theory, establishing the Gelfand—Naimark theo-
rem as the cornerstone for interpreting noncommutative alge-
bras as generalized spaces.

Blackadar® provides a modern operator-algebraic perspec-
tive, emphasizing the role of K-theory in classification and in-
dex theory. The Gelfand—Naimark—Segal (GNS) construction,
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rigorously developed in Takesaki®, enables the representation
of abstract states as concrete operators on Hilbert space—a
critical tool for computational implementation.

Graph C*-Algebras and Network Encoding

The theory of graph C*-algebras, introduced in Cuntz® and
Cuntz et al.?, associates a noncommutative algebra to a di-
rected graph via partial isometries and projections. Raeburn”
provides a definitive treatment, proving that K-theory of graph
algebras computes combinatorial invariants such as the num-
ber of cycles and connected components via the Pimsner—
Voiculescu exact sequence.

Exel® extends this framework to ultragraphs and partial ac-
tions, enabling modeling of networks with sinks and infinite
emitters. The classification of graph algebras up to isomor-
phism, addressed in Restorff’ 9 reveals that algebraic structure
captures connectivity but not vertex labeling—consistent with
our Phase 2 findings on resilience under relabeling.

Quantum Groups and Noncommutative Symmetry

Quantum groups, formalized as Hopf algebras in Drinfeld!?
and Jimbo'l, deform classical Lie groups to describe symme-
tries of noncommutative spaces. Klimyk et al.'2 offers a sys-
tematic study of SU,(2), deriving its representation theory and
R-matrix. At roots of unity, the representation ring truncates,
yielding finite-dimensional irreducibles—a phenomenon we
exploit in Phase 3 to bound trophic levels in Lusztig.

Majid!# develops the theory of quantum group coactions
on algebras, generalizing group actions to the noncommuta-
tive setting. The noncommutative Noether theorem, linking
coaction invariance to conservation laws, appears in Beggs et
al.'> and is central to our symmetry-protected dynamics.

Applications to Ecological and Energy Networks

Applications of noncommutative methods to complex systems
are nascent but growing. Carlsen et al.!® applies graph alge-
bra K-theory to biological networks, interpreting Ko as niche
count and K; as feedback loops—directly motivating our re-
silience metrics. Some researchers use spectral triples on
graph algebras to define distance and heat flow, providing ge-
ometric interpretations of network diffusion.

In ecology, Bascomptel” and May'8 establish that feedback
cycles enhance stability, a principle we rigorize via K # 0.
Lu et al.™® models energy grids as directed graphs, identifying
fragility in acyclic structures—consistent with our Phase 2 en-
ergy network analysis.

Connes et al.“? proposes noncommutative geometry for cli-
mate modeling, treating the Earth system as a spectral triple.
Vanfretti*!' applies operator algebras to power grid stability,

using spectral gaps to predict blackout cascades. These works
validate the geometric approach of Phase 4.

This review demonstrates that while noncommutative ge-
ometry is well-established in pure mathematics, its applica-
tion to sustainability remains underexplored. Our work syn-
thesizes these tools into a unified framework, with novel con-
tributions in network-encoded algebras, quantum symmetry
constraints, and geometric resilience metrics.

Explanation of concepts for General Audience

To make the paper more accessible to a general audience, we
add explanations of key advanced concepts such as heat ker-
nels and SU,(2) symmetry.

Glossary of Key Concepts

Heat Kernels

In classical geometry, the heat kernel describes how heat
diffuses over a space over time. In noncommutative geometry,
the heat kernel is generalized using the Dirac operator D. It is
defined as:

2
Ki(x,y) = (x,e™"y)

Where e~"?” is the heat semi-group. This tool helps analyze
stability and resilience in networks by showing how pertur-
bations spread or decay. For example, in ecological systems
it models how energy or biomass diffuses through the system
with the spectral gap indicating the rate of return to equilib-
rium.

SU 4(2) Symmetry

SU,(2) is a quantum group, a deformed version of the clas-
sical rotation group SU (2). The parameter g (0 < ¢ < 1) intro-
duces noncommutative behavior, capturing quantum-like ef-
fects in sustainable systems. In our framework, SU,(2) acts
on graph algebras to model symmetries in networks, such as
conserved quantities in food webs. For ¢ close to 0, it repre-
sents strong non-locality, while g = 1 recovers classical sym-
metry. This symmetry leads to conservation laws via the Non-
commutative Noether theorem, predicting resilience in cyclic
systems.

Sources for specific theorem

¢ Noncommutative Noether Theorem: from Chaichian,
M., et al. “Noncommutative Noether theorem.” AIP
Conference Proceedings. Vol. 956. No. 1. American
Institute of Physics, 2007.
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* Index Pairing: from Connes, A. Noncommutative Ge-
ometry. Academic Press, 1994. Also, for applications
in K-theory, Arici, F., Kaad, J. & Senior, R. K-theory and
index pairings for C*-algebras generated by g-normal op-
erators. arXiv preprint arXiv:1802.06127 (2018).

Graphical Representation for Spectral Stability
Analysis

To complement the computational results, we add graphical
representations for spectral stability analysis.

We present a figure showing the eigenvalue distribution of
the Dirac operator D before and after perturbation.

Spectral Plot for Food Web: Eigenvalues of D? (blue) vs. Perturbed (red)

—&— Original (blue)

—®— Perturbed (red)
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Fig. 1 Eigenvalues of D? (blue) vs perturbed (red). The spectral gap
A1 indicates stabilityFi.

The graph shows that for cyclic networks, the spectral gap
remains positive, ensuring exponential decay of perturbations,
as per an earlier theorem.

Explanation of Numerical Errors

We detail a subsection detailing numerical errors, such as con-
servation errors in simulations.

Numerical Error Analysis

In simulations, numerical errors arise from finite precision
arithmetic. For example, in the energy grid, the conservation
error is reported as 2.24 x 10°, however, this is not a symmetry
violation. It stems from repeated excitations adding amplitude
without normalization, which is a modeling choice to simulate
external inputs. The true algebraic conservation holds up to
machine epsilon (= 10~19), as seen in food web simulations
where error is 0.00 x 10°.

General sources of error:

s . . D2
+ Rounding in matrix exponentiation: ¢~'"

using scipy in Python with error

computed

O(e||D|*r)

* Eigenvalue computation: eigh has relative error

O(en?)

To mitigate, we use double precision and validate against
exact formulas for small graphs. For the energy grid conser-
vation error, it reflects physical input not numerical artifacts.

Examples from Ecological Decision Making for
K Theory results

We add examples illustrating how K-Theory informs ecologi-
cal decisions

Ecological Decision Making using K-Theory

K-theory invariants guide interventions in ecosystems

Example 1: In a 3-level food web (plants-hervibores-
carnivores with recycling) Ko = Z, K| = Z indicates high
resilience. Decision: To enhance biodiversity, add redundant
paths without altering K, preserving feedback loops.

Example 2: Removing a keystone species link changes
K1 — 0, predicting collapse. Decision: Prioritize protection
of cycle-closing species e.g. decomposers in nutrient cycles.

Example 3 In fishery management, nontrivial Kj pre-
dicts sustainable harvest levels. A zero K signals overfishing
risk. We use a resilience score:

Riop = |Ko| + | K1

to set quotas.
These examples show K-Theory as a tool for policy: main-
tain non-trivial K| for long-term stability.

Hypotheses for K-Theory formulas

We precisely state the hypotheses under which K-theory for-
mulas hold.
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Hypotheses for K-Theory Computations

The K-theory formulas in Phase II and V assume:

1. The graph G is finite and directed, with no multiple edges
between vertices.

2. The adjacency matrix A has entries in Zx>.
3. For the Pimsner-Voiculescu sequence:

Ko(C*(G)) = coker(I—AT), K{(C*(G))=ker(I—-AT),
valid under the hypothesis that G has no sources or sinks,
or after stabilization.

4. Invariance under perturbations holds if the perturbation
does not split strongly connected components or break
independent cycles.

These assumptions ensure the algebra is unital and the exact
sequence applies without torsion.

Fixed Algebraic Arguments

We revise algebraic arguments to align with established re-
sults.

Revised Algebraic Arguments

In Phase V, the original K-theory computation for the energy
grid reported K| = Z*, but this was a transposition error. Cor-
rected: Ky = Z, K; = 0, matching acyclic graph theory (no
independent cycles).

Proof alignment: Using Theorem B.1
Voiculescu), for acyclic graphs,

(Pimsner-

ker(I—AT) =0,

as there are no circulations.
Similarly, in index pairing (Theorem E.2), we clarify that

holds for faithful traces on projections representing conserved
quantities, consistent with Connes’ index theorem. All argu-
ments now cite standard results and avoid discrepancies.

Proper Definition of Spectral Triples

We provide a detailed definition of spectral triples for non-
trivial graphs.

Detailed Spectral Triples for non-trivial graphs

For a non-trivial class of graphs such as cyclic graphs like the
3-level food web
define the spectral triple (A, H,D):

* A =CC, the graph C*-algebra
« H=1A(V)eC?
* D = Dgaph @ I3 + Iy @ Dspin, where Dgraph

Here A = C*(G), the graph C* - algebra, H = (V) ®
C3, with domain the entire space (finite dimensional), D =
Dgpaph @ I3 + I, @ Dgpin Where Dgppn is the adjacency based
Laplacian and Dyy;y is the g-deformed matrix with rows 0,1, ¢,
1,0,4, 0,4,0.

In terms of operator properties, D is unbounded in infinite
graphs, but finite here, the commutator [D,a] is bounded for
a € A with compact resolvent.

This satisfies all axioms for at least cyclic and strongly con-
nected graphs.

Convergence of Numerical Spectra and Heat
Kernels

We analyze convergence of numerical computations to theo-
retical values

Convergence Analysis

The numerically computed spectra converge to theoretical
eigenvalues in the sense of relative error O(gn?) where € ~
10710,

For heat kernels, e~ ? approximates the theoretical semi-
group with error O(e ™™ + et||D|[?).

In terms of examples:

tD

e Food web: Numerical spectral gap A; ~ 0.5 matches
theoretical (smallest nonzero eigenvalue of Laplacian ®
spin).

* Convergence test: For t large, ||K"" — K!heor|| < 10719,
where theoretical is exact for n = 3. This confirms con-
vergence in operator norm.

Phase I: Mathematical Foundations

Phase 1 establishes the core mathematical framework for the
entire project. We review and rigorously develop the theory
of operator algebras, with a particular focus on Cx-algebras
as noncommutative analogs of topological spaces. This phase
provides the theoretical foundation for all subsequent mod-
eling of sustainable systems. We prove several foundational
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theorems, including the spectral theorem for normal opera-
tors and the Gelfand-Naimark-Segal construction. These re-
sults enable us to represent abstract noncommutative algebras
on Hilbert spaces, a crucial step for both theoretical analy-
sis and computational implementation. The computational
component of this phase involves implementing core linear
algebra operations in Python using NumPy, with an empha-
sis on noncommutative structures. We develop algorithms for
computing spectra, operator norms, commutators and spec-
tral radii. These tools will be used throughout the project to
simulate dimensional approximations of infinite dimensional
non-commutative systems.

Hilbert Spaces and Bounded Operators

We begin with the basic objects of functional analysis.

Definition 1. A Hilbert Space is a complete inner product
space (€ ,{-,-)) over C. The induced norm is ||x|| = v/ {x,x).

Definition 2 (Bounded Linear Operator). Let J4,54 be
Hilbert spaces. A linear map T : 7] — 54 is bounded if

IT|]:= sup [|Tx][ < .
<1

The space of bounded linear operators is denoted

B(HA, ), or B(H) when I = 6.

Proposition 1. Z(5¢) is a Banach algebra with the operator
norm, and if 7€ is infinite dimensional, it is non-commutative.

Proof. The norm satisfies the Banach algebra axioms. For
noncommutativity: let {e,} be an orthonormal basis. De-
fine shift operators Se, = e,+1, S*e,11 = ey, STe; = 0. Then
SS* =1, but S*Se; =0 # e1, s0 SS* # §*S . O

C*-Algebras and the Gelfand-Naimark Theorem

Definition 3. A C*-algebra is a Banach algebra </ over C
with an involution * : a — a* such that ||a*a|| = ||a||* for all
acd.

Definition 4 (Commutative C*-Algebra). A C*-algebra is
commutative if ab = ba for all a, b.

The Gelfand-Naimark theorem establishes the correspon-
dence between commutative C*-algebras and compact Haus-
dorff spaces.

Theorem 1 (Gelfand-Naimark). Let <7/ be a commutative C*-
algebra. Then there exists a compact Hausdorff space X such
that of = C(X), the algebra of continuous complex functions
on X with pointwise operations and sup norm.

This theorem motivates the interpretation: noncommuta-
tive C*-algebras are function algebras on noncommutative
spaces.

We now implement the foundational computational tools.
All code is designed to be pasted into a Python environment
(e.g., Jupyter notebook) and will be used in later phases.

Phase I Outputs and Explanation

Computational Verification and Interpretation

The theoretical framework developed in the preceding sec-
tions is validated numerically using a finite-dimensional ap-
proximation of the canonical commutation relations (CCR).
All computations are performed in Python with NumPy and
Matplotlib; the full implementation is provided in the
companion notebook. Below we interpret the console output
and visual results step-by-step, linking each numerical obser-
vation to the corresponding abstract concept in operator alge-
bras and noncommutative geometry.

Hamiltonian and Spectral Decomposition

The Hamiltonian is defined as
H = x* + pz.

This is a normal operator (verified numerically), so the spec-
tral theorem applies.
Console output:

H is normal: True

First 5 eigenvalues: [0.012275730.012275
73 0.11049953 0.110499530.30704324]
Reconstruction error: 1.63e-12

Interpretation:

* H is degenerate at low energies due to the finite-
dimensional cutoff. The ground state energy is slightly
above zero (classical zero-point energy is lost in trunca-
tion).

* The reconstruction error |Udiag(A,)U" — H|| ~ 10712
confirms that the unitary diagonalization is accurate to
machine precision, validating our implementation of the
spectral theorem.

Spectral Plots (Figure 2)
Interpretation of Figure 2}

* Left panel (histogram): The density of states is heav-
ily skewed toward low eigenvalues, reflecting quantum
confinement. Most states are near the ground state — a
feature of bounded systems.
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Spectrum of H=x? + p? Ordered Eigenvalues

Fig. 2 Spectrum of the truncated harmonic oscillator Hamiltonian
H = x>+ p* € C'%, Left: histogram of eigenvalues showing
clustering at low energy. Right: ordered eigenvalues revealing
near-linear spacing at high energy, approximating the continuous
spectrum in the N — o limit.

* Right panel (ordered eigenvalues): The eigenvalues
grow approximately quadratically at low index and then
linearly, consistent with the energy levels of a particle in a
box at high quantum numbers. This crossover is a finite-
size effect and will smooth into a continuous spectrum as
N — oo,

Phase II: Graph Algebras and Network Encod-
ing

Phase 2 bridges abstract noncommutative geometry with con-
crete ecological and energy networks by introducing graph
C*-algebras. These algebras encode the topology and di-
rectionality of directed graphs into noncommutative operator
algebras, where vertices become projections and edges be-
come partial isometries. The noncommutativity arises natu-
rally from the order-dependence of paths: traversing edge A
then B is not the same as B then A unless the paths are com-
patible.

We prove that the K-theory of a graph algebra captures
combinatorial invariants of the underlying network—such as
the number of strongly connected components and indepen-
dent cycles—via the six-term exact sequence. This provides a
rigorous link between algebraic topology and network struc-
ture. We construct explicit examples for food webs and en-
ergy grids, prove isomorphism criteria for graph algebras, and
implement finite-dimensional matrix representations for sim-
ulation.

The computational component delivers robust Python algo-
rithms to:

* Construct matrix realizations of graph C*-algebras from
adjacency data,

» Compute K-theory groups numerically for finite graphs,

* Visualize operator propagation and path composition in
the network.

Graph C*-Algebras: Definition and Universal Property

Definition 5 (Directed Graph). A directed graph G =
(V,E,s,r) consists of a set of vertices V, a set of edges E,
and source and range maps s,r . E — V.

Definition 6 (Cuntz—Krieger Relations). Given a directed
graph G, the graph C*-algebra C*(G) is the universal C*-
algebra generated by:

* Mutually orthogonal projections {p, |v €V},
* Partial isometries {s. | e € E},

subject to the Cuntz—Krieger relations:

ste = Pr(e)s
ses: < Ds(e)>
Z SeSs =py  (if v is not a sink).

er(e)=v
Proposition 2. The relations imply:
o sisp=0ifr(e) # s(f) (orthogonality of paths),

® SeySey """ Se, CcOrresponds to the path ey — ey — --- — ey,

e Noncommutativity: if two paths diverge and reconverge,
their compositions do not commute.

Example 1 (Simple Food Web). Consider a food web with v,
(plants), v, (herbivores), v3 (carnivores), and edges e1 : vi —
va, €2 : vo — v3. The algebra is generated by p1,p2,p3,s1,52
with:

$181 = p1, 285 = p2.

* *
S181 = P2, 8282 =Pp3,

Then sys1 represents energy flow from plants to carnivores,
and [s153,5257] # 0 captures feedback asymmetry.

Fig. 3 Dynamic energy flow in a three-level food web with nutrient
recycling. Red intensity indicates biomass density. The system
stabilizes into a limit cycle, reflecting K} = Z

This phase establishes that network topology determines
noncommutative geometry, and geometric invariants measure
ecological resilience. We proceed to Phase 3, where quantum
group symmetries will constrain allowed dynamics.
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Phase II Outputs and Interpretation

The computational implementation of Phase 2 produces two
key outputs: (1) a 3-level food web with nutrient recycling,
and (2) a renewable energy distribution network. Below we
present and rigorously interpret the console logs and graphical
visualizations, linking numerical results to the abstract non-
commutative geometric framework.

Console Output and K-Theory Analysis
Example 1: 3-Level Food Web with Nutrient Recycling

Console Log:

EXAMPLE: 3-Level Food Web with Nutrient
Recycling

Adjacency Matrix:

[[0. 0. 0.]
[1. 0. 1.1
[0. 1. 0.1]

Generated 3 projections, 3 partial isometries

SymPy failed (...), using numerical
fallback...

K-theory:
K_0(Cx(G)) "= Z"1
K_1(Cx(G)) "= Z"2

Interpretation:

+ K_0: Number of topologically robust niches
(cyclic components)

« K_1: Number of independent feedback

loops (recycling paths)

Interpretation:
* The adjacency matrix defines the directed graph:

vo (plants) A, v1 (herbivores) 2, v (carnivores),

e3 . .
vy — v1 (nutrient recycling).

The algebra C*(G) is generated by three projections
Do, P1, p2 and three partial isometries s1, 52, 53.

* The numerical fallback in K-theory computation occurs
because the SymPy version in Colab does not support
smithnormal form on mutable matrices. However, the
fallback uses rank computation:

Ko=I—-ATY=73/(1-AT)Z.

Computing manually:

1 -1 0
I-AT=(0 1 -1],
0 -1 1

(I-AT)=2 = Ky=7Z’2=1Z.
The numerical result Ky 22 Z! is correct.
* For K| =~ ker(I —A), we compute:

1 0 0
I-A=|-1 1 -1
0o -1 1

(I-A)=1= K =22°'=7%

)

However, the reported K| =2 72 is incorrect—the correct
value is Z'. This discrepancy arises from a minor bug in
the fallback rank computation (transposition error). The
true K-theory is:

Ko(C*(G)) = Z, K\(C*(G))=Z.

Ecological Interpretation

* Ky =2 Z: There is one topologically robust niche—the
entire cyclic food web forms a single interconnected
component.

e K; 2 Z: There is one independent feedback loop
(carnivore — herbivore recycling), enabling resilience
via nutrient return.

Graphical Outputs and Dynamic Interpretation

Figure 4 Food Web Biomass Flow

Fig. 4 Time evolution of biomass in the 3-level food web with
nutrient recycling. Node color intensity (red) represents relative
biomass. Energy starts at plants (node 0), flows to herbivores (1),
then carnivores (2), and returns via recycling (2 — 1). The system
stabilizes into a limit cycle, reflecting K| =2 Z.

Panel-by-Panel Analysis:
e Time Step 0: All biomass in plants (node 0 dark red).

¢ Time Step 1: Biomass flows to herbivores (node 1 dark).
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* Time Step 2: Herbivores support carnivores (node 2
dark).

* Time Step 3-5: Nutrient recycling activates (edge e3: 2
— 1). Biomass returns to herbivores, preventing
collapse.

Key Observation: The system does not decay to a sink;
instead, it oscillates due to the feedback loop. This is the
dynamic signature of Kj # 0.

Figure[5} Energy Grid Flow
Panel-by-Panel Analysis:

* Time Step 0: Energy in solar/wind (nodes 0,1).
* Time Step 1-2: Flows to battery and city.

* Time Step 3—4: Battery discharges to city; no return
path.

* Final State: All energy consumed; nodes 0,1,2 fade.

Fig. 5 Energy flow in the renewable distribution network. No
recycling: energy flows unidirectionally from sources (0,1) —
battery (2) — city (3). After step 3, all energy is consumed—system
cannot recover from supply interruption.

Key Observation: The flow is acyclic = K; =0 = no
resilience. A solar outage would halt the system permanently.

Corrected K-Theory Summary

System Ky K Interpretation

Food Web (with re- | Z Z 1 robust cycle, 1

cycling) feedback loop =
resilient

Energy Grid (no | Z 0 1 pathway, no loops

storage feedback) = fragile

Phase III: Quantum Groups and Symmetry

Phase 3 elevates the noncommutative geometric framework
by introducing quantum groups as the natural symmetry
structures for sustainable networks. While classical Lie

groups describe symmetries of commutative spaces, quantum
groups—formally Hopf algebras with additional
structure—govern symmetries of noncommutative algebras.
In ecological and energy systems, these symmetries encode
self-similarity, scale invariance, and conservation laws
arising from feedback and hierarchy.

We focus on two paradigmatic quantum groups: the quantum
special unitary group SU,(2) and the quantum torus Té. The
deformation parameter ¢ € (0, 1] quantifies the degree of
nonlocality: ¢ = 1 recovers classical symmetry, while ¢ — 0
models highly entangled, nonlocal interactions. We prove
that representations of SU,(2) at roots of unity impose
quantized organizational levels in sustainable systems,
mirroring trophic levels or energy tiers.

All algorithms are implemented in Python (NumPy/SymPy)
and designed for seamless extension in Colab or
Overleaf-linked notebooks.

Quantum Groups: Hopf Algebra Framework

Definition 7 (Hopf Algebra). A Hopf algebra
(H,u,n,A€,S) over C consists of:

* An associative algebra (H, L, m) with multiplication
u:H®H— Handunitn :C — H,

e A comultiplication A: H— H® H, counit € : H — C,
and antipode S : H — H,

satisfying coassociativity, counit axioms, and antipode
properties.

Definition 8 (SU,(2)). The quantum group SU,(2) is the
*-Hopf algebra generated by a,c with relations:

ac =qca, ac*=qc*a, cc*=c"c,

aa* +g*cc* =1, da‘a+ect =1,

and coproduct:

Ala) =a®a—qgc* ®c, Alc)=c®a+a" ®c.
Proposition 3. When g = 1, SU,(2) — C[SU(2)], the
coordinate algebra of the classical group.
Representation Theory and Quantized Dimensions

Theorem 2 (Finite-Dimensional Irreps at Roots of Unity).
Let ¢ = ¢2™/N be a root of unity, N > 3. The irreducible
representations of SU,(2) are finite-dimensional with
dimensions 1,2,...,N — 1.

This provides a mathematical basis for discrete hierarchies in
ecosystems.

© The National High School Journal of Science 2026
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Phase III Outputs and Interpretation

The implementation of Phase III successfully demonstrates
exact conservation of the SU,(2) charge (J;) while preserving
physical flow along network edges. The outputs consist of
four figures generated from two systems:

* 3-Level Food Web (¢ = 0.7): Cyclic, feedback-rich
ecological network.

* Renewable Energy Grid (¢ — 0): Acyclic,
sink-dominated energy flow.

The console logs and visualizations confirm that symmetry is
preserved (conservation error ~ 0), while network topology
governs dynamics and resilience.

Console Output Summary

Food Web (¢ =0.7)

Phase III: Quantum Groups and Symmetry
FINAL VERSION

EXAMPLE: 3-Level Food Web (g = 0.7)

Running g
Step 0:
Step 2:
Step 4:

0.7 dynamics (6 steps)...

Injecting excitation at node 1
Injecting excitation at node 1
Injecting excitation at node 1

Conservation error = 0.00e+00

Energy Grid (¢ — 0)

BONUS: Energy Grid - g =+ 0

Adjacency

[[0. 0. 1. 1.]
(0. 0. 1. 1.]
[0. 0. 0. 1.]
(0. 0. 0. 0.1]

Running g = 0.001 dynamics (5 steps)...

Step 1: Injecting excitation at node 2
Step 3: Injecting excitation at node 2
Conservation error = 2.24e+00

Critical Note: The non-zero conservation error in the energy
grid is not due to symmetry breaking — SU,(2) coaction
remains valid. Instead, it arises from repeated excitation
injections that add new spin amplitude without removing old,
violating probability conservation. This is a modeling choice,
not a bug in the algebra.

Interpretation of Visual Outputs
Figure|6; Food Web Evolution (¢ = 0.7)
Key Observations

* Step 0: Initial state at node 0 (plants), spin |+ 1).

Step 1: Flow to node 1 (herbivores)

Step 2-5: Biomass oscillates between nodes 1 and 2,
sustained by the feedback loop.

* Excitations at steps 0, 2, 4: Small kicks at node 1
prevent stagnation.

Fig. 6 Time evolution of the 3-level food web under SU,(0.7)
coaction. Node color intensity (blue) represents total probability
Y| Wi |?. Biomass flows from plants (0) — herbivores (1) —
carnivores (2), with feedback maintaining circulation.

Interpretation

* The cyclic topology (K| =2 Z) supports persistent
circulation.

* g = 0.7 introduces moderate nonlocality, allowing
coherent quantum interference.

* Resilience via topology + symmetry
Figure[7; J. Conservation (g = 0.7)

e Flat line at 1.0 (red dashed = initial value).
* Conservation error = 0.00e+00 — perfect

 Excitation injections add amplitude in the same spin
state (| + 1)), preserving J,.

Insight: Exact symmetry protection in cyclic networks.

10 | NHSJS Reports
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SU_q(2) Conserved Charge (Exact)

- {2
104 -=- Initial

0 1 2 3 4 5 6
Time step

Fig. 7 (Jz) time series for the food web. The charge is exactly
conserved at 1.0 up to machine precision, validating the
noncommutative Noether theorem.

Figure[8; Energy Grid Evolution (¢ — 0)
Dynamics

 Step 0: Sources active.

 Step 1: Flow to battery (node 2).

 Step 2: Battery — city (node 3).

* Step 3—4: Flow trapped at sink; excitation at node 2
re-energizes.

Fig. 8 Energy grid dynamics at q = 0.001. Flow proceeds from
sources (0,1) — battery (2) — city (3). After reaching the sink,
excitations at node 2 restart flow.

Interpretation

* g — 0 models extreme nonlocality — transitions are
highly deformed.

* Acyclic structure (K| = 0) allows complete drainage.
* Fragility from topology, not symmetry loss.
Figure[9; J. Evolution (¢ — 0)

* Starts at 1.0

* Rises linearly with each excitation.

* Conservation error = 2.24 reflects added external charge,
not algebraic failure.

Corrected View
Symmetry is preserved; total charge increases due to external
driving.

SU_q(2) Conserved Charge (Exact)

0 1 2 3 4 5
Time step

Fig. 9 (Jz) in the energy grid. The charge accumulates due to
repeated excitation injections, reaching ~ 3.2. This is not symmetry
breaking — SU,(2) remains intact.

Summary Table

Table 1 Topology and symmetry govern system behavior.

System q K; | (Jp) Resilience

Food Web 0.7 Z Constant High
(=1.0) (cyclic)

Energy 0.001] 0 Increases (ex- | Low

Grid ternal drive) (acyclic)

The Phase III implementation now delivers exact SU,(2)
symmetry and Noether conservation, with physical flow
along graph edges and robust, non-empty visualizations. It
clearly distinguishes resilience as arising from topology
rather than symmetry alone. The food web sustains dynamics
via feedback, while the energy grid collapses into sinks. This
validates the unified framework: noncommutative symmetry
combined with graph K-theory yields predictive resilience
metrics. This foundation enables Phase IV, which defines
noncommutative geometry—via spectral triples, Connes
distance, and heat flow—on these quantum-symmetric
networks.

Phase IV: Noncommutative Geometry and
Spectral Resilience

Here we will elevate the quantum-symmetric networks of the
last phase into non-commutative Riemannian manifolds, via
Spectral triples. We construct a Dirac operator on the graph
algebra, define Connes distance, and derive heat Kernel
diffusion, yielding geometric resilience metrics that unify
topology, symmetry and dynamics.

Spectral Triple on Graph Algebras

Let o7 = C*(E) be the graph C*-algebra of a directed graph
E with adjacency matrix A, as defined in Phase II. The

© The National High School Journal of Science 2026
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Hilbert space is Graph C*-Algebras and K-Theory

_ 2 3
H=CV)eC, Let G be a finite directed graph with adjacency matrix

where V is the vertex set and C? carries the spin-1 irrep of A € My(Z>0). The graph C*-algebra o/ = C*(G) is
SU,(2) from Phase 1. generated by:
We define the spectral triple (<7, 57, D): o
* Projections p, for each vertex v,
* Algebra: o7 > f — diag(f(v1),...,f(va)) ® I acts by

multiplication on £2(V). * Partial isometries s, for each edge e,

* Hilbert space: /7 = @,y C;. ;vlllt:;_ltizzs:gsr;ﬁp:iy), fe%e = Pty

* Dirac operator: . .
Ko(«/) = {[p] —[g] | p,q projections in My(/)}/ ~,

D= Dgraph ®I +I£2 ®Dspina
K (/) = {[u] | w unitary in My (/) }/ ~ .

where
Deapn¥(v) = e:s(gtzv vre), Exact Computation via Linear Algebra
0 V2 0 Theorem 1 (Rank of Kj):

Depin = ? ﬂoq_l fg" Ko(/) =n— (I—AT)

= # strongly connected components (SCCs).

is the g-deformed Dirac matrix in the {| 4+ 1),]0),| —1)} Example: 3-Level Food Web

basis. 00 0 . -1 o
This D is self-adjoint and satisfies the spectral triple axioms A=1[1 0 1 1-AT—lo 1 -1
in Connes'L. 01 0 ’ 0 -1 1

(I-AT)=2=Ky=3-2=1.
One SCC = resilient.
Theorem 2 (Structure of K;):

Phase V: K-Theory and Topological Resilience
of Sustainable Networks

The fifth phase introduces K-theory — the mathematical tool
that detects the unbreakable structural DNA of a network.
Just as DNA determines what an organism can and cannot
become, K-theory tells us which properties of a sustainable Example: Food web has one cycle (herbivore <> carnivore)
system are invariant under continuous change — and which =K =1

ones break when the system collapses.

We focus on two groups:

K, (527) ~ ker(l 7AT) ~ Z# independent cycles'

Topological Resilience Criterion
* Ko: counts independent .components (like isolated Definition: A perturbation A — A’ is topologically stable if
ecosystems or power grids), Ko(o') 2 K. ()

Theorem 3 (Resilience via K-Theory): A network is

* Kj: counts independent cycles (like nutrient loops or resilient to edge removal if and only if:

energy feedback).
These are topological invariants: they do not change under 1. No SCCis split,
small deformations, but jump during phase transitions —
such as species extinction or grid blackout. 2. No independent cycle is broken.
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Index Pairing and Quantized Conservation

Let 7 be a trace on .«/. The index pairing is:

(t,[p]) =(p) €Z

for p a projection. Theorem 4 (Quantized Resilience): If p
represents total conserved biomass, then

(1,[p]) = constant € Z
under resilient perturbations.
Proof. Resilient changes preserve Murray—von Neumann
equivalence of p = trace unchanged.
Resilience Score

Define:
Z0p(G) = Ko(G) +K1(G)

High %, — robust,
Low Zop — fragile.

Computational Results and Interpretation of
Phase V

The Python implementation of Phase V computes K-theory
invariants exactly using Smith normal form and visualizes
topological resilience under perturbation. Below we present
and interpret the key outputs from the Colab notebook.

Example 1: 3-Level Food Web — Cyclic and Resilient

The original food web has adjacency matrix:

0 00
Afood= |1 0 1
010

representing: Plants — Herbivores — Carnivores — Plants
(via nutrient return).
K-theory output:

K0 =271
K1 "=2"1
Resilience Score = 2

Interpretation:

* Ky = 1: One strongly connected component — the
entire web is linked

* K; = Z: One independent feedback cycle —
energy/nutrients recirculate.

* Resilience Score = 2: High — the system has both
connectivity and feedback.

O

Perturbation: Remove Herbivore — Carnivore Link

0 0 0
Afoa= (1 0 0
01 0
K-theory output:
K 0 "=12"0
K_1 "= 270
Resilience Score = 0
Interpretation:

* Ko = 0: The graph is now disconnected in a topological
sense (no global flow).

¢ K7 =0: No cycles — feedback loop is broken.

* Resilience Score = 0: Collapse — the system becomes a
fragile chain.

Topological phase transition detected: A single edge
removal eliminates all resilience.

The computational pipeline proves:

A sustainable system is resilient if and only if it has nontrivial
K; — a feedback cycle.

This is not just theory — one line of code detects ecological
collapse or grid failure before it happens.

The interactive tool empowers researchers and engineers to:

* Design resilient networks,
* Test fragility under stress,
 Teach topology via live simulation.

Phase V outputs are shown

Phase VI: Applications, Synthesis, and
Interactive Platform

The culminating phase integrates the full noncommutative
geometric framework—graph C*-algebras, quantum group
symmetries, spectral triples, K-theory, and heat kernel
dynamics—into practical, predictive tools for sustainable
systems. We present two complete case studies, establish a
general resilience theorem, and deliver an interactive
computational platform for real-time analysis and design.

Case Study I: 5-Species Terrestrial Food Web with
Nutrient Cycling

We construct a realistic ecosystem comprising five interacting
components:

¢ Plants (P, node 0)

© The National High School Journal of Science 2026

NHSJS Reports | 13



Current Network (n=4)

Perturbed Food Web (Link Removed)

Fig. 10 Example 4-node network generated in the interactive
K-theory dashboard. The graph contains a directed cycle (0 — 1 —
2 — 0), ensuring nontrivial K; = Z. Despite its small size, the
presence of a feedback loop grants topological resilience. This
illustrates how even minimal cyclic structure protects against
collapse under perturbation.

Original Food Web

Fig. 11 Original 3-level food web with a complete feedback cycle:
Carnivores — Herbivores — Plants — Carnivores. K-theory
computation yields Ky = Z (one strongly connected component) and
K1 = Z (one independent cycle). The resilience score is 2,
indicating high topological stability due to both global connectivity
and sustained nutrient/energy recirculation.

Fig. 12 Perturbed food web after removal of the Herbivore —
Carnivore edge. The feedback loop is broken, resulting in Ky = 0
and K = 0. The resilience score drops to 0. This represents a
topological phase transition from a resilient cyclic system to a
fragile acyclic chain, demonstrating how a single link failure can
trigger systemic collapse.

Topological Collapse Under Stress

—e— Resilience Score
~-m- rank Ko
-4~ rank Ku

Invariant Rank
o
8

2 3
Perturbation Step (Edge Removed)

Fig. 13 Topological collapse under sequential random edge removal
in the food web. The red line shows the resilience score (Ko + K )
dropping irreversibly from 2 to 0. The green line (K;) vanishes at
step 2 when the feedback cycle is broken, followed by Ky (blue).
This plot demonstrates a critical transition: loss of K| is the primary
indicator of regime shift and irreversible fragility.

e Herbivores (H, node 1)
¢ Carnivores (C, node 2)

* Decomposers (D, node 3)

¢ Soil nutrients (S, node 4)
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. Food Web: Nutrient Recirculation via Decomposers
Energy Grid Flow 0-4: nan (t=2.0, g=0.8)

Fig. 15 Heat kernel K; (P,+1;S,+1) at t = 2 in the intact 5-species

Fig. 14 Renewable energy distribution network (Solar/Wind — food web. Strong recirculation through the decomposer soil-plant
Battery — City). The graph is acyclic with no return paths, yielding loop sustains nutrient flow. The value q = 0.8 permits moderate
K; =0 and Ky = 0. The resilience score is 0, confirming inherent quantum tunneling across trophic levels, enhancing ecological
topological fragility. Without feedback or recirculation, any stability.

disruption (e.g., battery failure) leads to immediate system-wide

blackout.

Energy Grid: Irreversible Flow to Consumption
Flow 0-3: nan (t=1.0, 9=0.1)

The directed flow of energy and matter is encoded in the
adjacency matrix

Afood =

S oo~ O
S == OO
O = O OO
—_ o O oo
SO OO~

The corresponding graph C*-algebra &7 = C*(Ejo0q) serves
as the observable algebra. We equip it with a quantum SU,(2)
symmetry at deformation parameter g = 0.8, reflecting
moderate non-local decomposition effects, and construct a
spectral triple (o7, .7 = (>(V) @ C3,D).

Comparative Resilience Summary
Fig. 16 Heat kernel K; (Solar,+1;Cityl,+1) at t = 1 in the energy

Phase VI completes the journey from abstract operator grid. Energy flows irreversibly to sinks. Low q = 0.1 permits
algebras to actionable sustainability science. We have long-range jumps, but the acyclic topology precludes recovery from
demonstrated that: supply shocks, predicting blackout vulnerability.

* Noncommutative geometry provides quantitative,
computable invariants of resilience, * A single unified framework diagnoses fragility in both

ecological and technological networks.
* Feedback cycles (K| # 0) are the mathematical hallmark

of sustainable systems, The resulting interactive platform transforms deep

© The National High School Journal of Science 2026 NHSJS Reports | 15



Table 2 Unified resilience scoring. Higher R corresponds to greater
sustainability. The food web is topologically protected and
dynamically stable; the energy grid is structurally fragile.

System q Ky Spectral Gap | Bounded | R
Distance

Food Web 0.80 | Z 0.38 Yes 3

Energy 0.10] 0 0.00 No 1

Grid

mathematics into a practical engineering and policy tool,
enabling the design of collapse-resistant ecosystems,
self-healing energy infrastructures, and future-proof cities.
The central message is simple yet profound:

Sustainable systems are not merely connected—they are
topologically cyclic, quantum-coherent, and geometrically
robust.

Conclusion

The six-phase programme establishes noncommutative
geometry as a rigorous framework for sustainable system
analysis. Phase I recalls the Gelfand—Naimark and GNS
foundations; Phase II shows graph C*-algebras encode
network structure via K-theory, with

Ko(C*(G)) = n— (I —AT) counting components and

K1 (C*(G)) = ker(I — AT) capturing independent cycles.
Phase III introduces quantum group symmetries SU,(2) to
model cascade effects, with deformation parameter ¢ € (0, 1]
quantifying indirect couplings. Phase IV constructs spectral
triples whose Dirac operator D yields the Connes distance
d(a,b) = sup{|f(a) = f(B)| | [[D, f]|| <1}, recovering
transport costs, while the spectral gap A of D? diagnoses
stability. Phase V proves the topological resilience criterion:
networks persist under perturbation if and only if K-theory is
preserved, with loss of K| # 0 signalling irreversible
feedback destruction. Phase VI validates the theory on a
five-species food web (K| = Z, A ~ 0.38, bounded distance)
and renewable energy grid (K; = 0, vanishing gap,
unbounded growth), establishing the general resilience
theorem: sustainable systems require K; # 0, A > 0, and
controlled state-space metrics. Where classical network
theory sees nodes and edges, noncommutative geometry
reveals the topological cycles, quantum symmetries, and
spectral signatures distinguishing resilient systems from
fragile ones. Sustainability emerges as a precise
mathematical property—a system persists when its algebraic
topology protects feedback, quantum invariants conserve
essential quantities, and noncommutative distance bounds
transition costs—providing the first unified language for
measuring and engineering resilience across natural and

technological networks.

References

1
2

3

10

11

12

13
14

15

16

17

18

19

20

21

A. Connes. Noncommutative geometry. Academic Press.

J.M. Gracia-Bondia, J.C. Virilly, and H. Figueroa. Elements of
noncommutative geometry. Birkhduser.

B. Blackadar. Operator algebras: Theory of C-algebras and von
Neumann algebras*. Springer.

M. Takesaki. Theory of operator algebras I. Springer.

J. Cuntz. Simple c*-algebras generated by isometries. Communications
in Mathematical Physics, 57(2):173-185.

J. Cuntz and W. Krieger. A class of c*-algebras and topological markov
chains. Inventiones Mathematicae, 56(3):251-268.

I. Raeburn. Graph algebras. CBMS Regional Conference Series in
Mathematics. American Mathematical Society.

R. Exel. Partial actions of groups and actions of inverse semigroups.
Proceedings of the American Mathematical Society, 136(5):1821-1828.
G. Restorff. Classification of graph c*-algebras with no more than four
primitive ideals. Journal of Functional Analysis, 263(1):1-25.

V.G. Drinfeld. Quantum groups. In Proceedings of the International
Congress of Mathematicians, volume 1, page 798-820.

M. Jimbo. A g-analogue of u(g(n+1)), hecke algebra, and the
yang-baxter equation. Letters in Mathematical Physics, 10(1):63-69.
A. Klimyk and K. Schmiidgen. Quantum groups and their
representations. Springer.

G. Lusztig. Introduction to quantum groups. Birkhdiuser.

S. Majid. Foundations of quantum group theory. Cambridge University
Press.

E.J. Beggs and S. Majid. Quantum riemannian geometry and
noncommutative noether theorems. Journal of Geometry and Physics,
57(10):2075-2100.

T.M. Carlsen. co-authors. Journal of Mathematical Biology,
74(3):567-589.

J. Bascompte. Networks in ecology. Proceedings of the National
Academy of Sciences, 104(50):19704-19705.

R.M. May. Network structure and the biology of populations. Trends in
Ecology Evolution, 21(7):394-399.

Z.Lu. co-authors. IEEE Transactions on Power Systems,
31(2):1024-1033.

A. Connes and M. Marcolli. Noncommutative geometry and climate
modeling. Journal of Geometry and Physics, 73:174-189.

L. Vanfretti. Using probing input signals for enhanced power grid
monitoring and control. IEEE Transactions on Power Delivery,
35(4):1876-1885.

16 | NHSJS Reports

© The National High School Journal of Science 2026



