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This study aimed to evaluate the effect of 3D printed teaching aids (teaching aids) on students’ Calculus learning outcomes in a
controlled experiment. The fifty-seven (57) participants were high school sophomores and juniors taking the Advanced Placement
Calculus AB (“Calculus AB”) course by the College Board. The experimental group had access to 3D printed teaching aids,
while the control group did not. Both groups watched the same video and did the same survey to test the lessons effectiveness.
The experiment found that exposure to 3D printed teaching aids did not significantly improve students’ normalized academic
performance nor their opinions of the efficacy of the 3D printed teaching aids. The only relevant statistically significant result
found was that students in the experimental group who generally rated the lesson as “not helpful” still correlated with rating the
lesson as significantly more helpful than students in the control group who rated the lesson as “not helpful.” Going forward,
more research with varied and larger groups should be done to discover any more significant correlations between the use of 3D

printed teaching aids and student success. The accessibility of 3D printed teaching aids could facilitate these experiments.

Introduction

There is a gap in the literature linking 3D printing and mathe-
matics learning, especially for Calculus AB. Discovering any
correlation between the use of 3D printed teaching aids and
mathematics learning could uncover a new tool for educators
to improve student outcomes. Apart from learning benefits,
the use of 3D printed teaching aids may be relatively more sus-
tainable, affordable, inclusive, durable, and convenient com-
pared to other teaching materials. Taken together, studying the
effects of 3D printed teaching aids on mathematics education
is a worthwhile endeavor.

Importance of Learning Calculus AB

Assisting students in learning Calculus AB comes with valu-
able STEM career, gender equality, and college application
benefits.

Calculus AB topics include Disks, Washers, and Volume
Cross-Sections, which involve understanding 3D objects in re-
lation to 2D sketches'l; learning Calculus AB is a requirement
for many post-secondary STEM degrees?. Facilitating STEM
learning is essential to meet workforce demands=. For gen-
der parity, women are 50% more likely to leave STEM stud-
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ies after taking Calculus I, which is similar to Calculus AB,
than men™. One study conducted a “large-scale and in-depth
national survey?, finding that not understanding course con-
tent enough explained some of this disparity: “Among STEM-
intending students, 35% of women reported this as a reason
while only 14% of men acknowledged it (p = 0.026). Among
STEM-interested students, 32% of women reported this as a
reason compared to only 20% of men (p = 0.051)%. Assisting
women in better understanding course content may ameliorate
some of the disparity.

Learning Calculus AB may be useful for college applica-
tions, as 93% of high school counselors recommend taking
Calculus AB in high school®. Of course, Calculus AB is not
a silver bullet for college admissions; only 34% of admission
officers say that not taking Calculus narrows admission op-

tions=.

Other Benefits of 3D Printing

3D printing is relatively more sustainable and affordable in its
material and energy usage than alternatives such as petroleum-
based plastics or metal. 3D printing uses polylactic acid
(“PLA”), which comes from the fermentation of corn®. Pro-
ducing PLA uses less energy than producing petroleum-based
plastics®. For teachers and classroom supply procurers who
are considerate of sustainability, PLA is promising. PLA is
affordable, only costing 0.25 USD per pound to be produced®.
On average, 3D printing costs 86% less than purchasing sim-
ilar learning aids commercially”. Compared to CNC milling
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aluminum or steel, 3D printing is several times more afford-
able in making aerodynamic models; metal models may cost
“tens, even hundreds of thousands of dollars™®,

The use of 3D printed teaching aids can be inclusive of stu-
dents, as discussed in the section; they are also durable enough
to be used with schoolchildren without fearing of them break-
ing®.

3D printing is convenient. Extremely large 3D printed mod-
els may take a day or two to manufacture, which is weeks
or months faster than machining metal®. A model acquired
through 3D printing may take mere hours while acquired
through online retailers may take days”.

Experiment Goal

While 3D printing has been used in a wide variety of fields
to teach students'?, there seems to be a lack of research in
its ability to specifically assist students in learning Calculus
AB. The current research seems to focus on basic geometry or
advanced engineering topics instead.

This senior project explored the efficacy of teaching aids in
Calculus AB, including creating teaching aids of Disks, Wash-
ers, and Volume Cross-Sections, allowing students to physi-
cally hold representations of the otherwise abstract concepts
they seek to understand.

Literature Review

A growing and relatively new technology'!, 3D printing is
now used broadly in education for teaching about 3D print-
ing, teaching design skills, teaching creativity skills, creating
assistive technologies, and making teaching aids'’. There is
room for consideration of the role of teaching aids in serving
students with disabilities and the role teachers fill when intro-
ducing 3D printing technology to the classroom. Literature
indicates that a promising use for 3D printing is in mathemat-
ics education.

Systemic Review Methods: Literature was found by
searching with key words such as “3D printing,” “teaching
aids,” and “calculus.” Studies relating to 3D printing in ed-
ucation were included, while studies irrelevant to 3D printing
in education were excluded. Notes were taken by hand, and
studies were read by human eyes, without the use of large
language models. The exclusion criteria for studies of poor
quality included an absence of listed authors, few or no cita-
tions, and no connection to any educational or other reputable
institution.

About 3D Printing

To 3D print, the user first designs a 3D model using an acces-
sible Computer-Aided Design (“CAD”) software program''2.

The user then sends the 3D model to a 3D printer'?!4 3D
printers are available in primary schools, secondary schools,
universities, and libraries; libraries in particular have in-
creased efforts to provide access to 3D printing to patrons who
come from the general publicV.

3D Printing: Design and Creativity Skills

When using 3D printing in the classroom, students build
their 3D printing, design, and creativity skills more conve-
niently than with other methods.

East Asian Yamagata students 3D printed police whistles,
gaining 3D printing and design experience while learning
about frequencies; at the end, students could play music pieces
on devices they created themselves and teach others to use 3D
printers'>. Here, 3D printing combines learning about design
processes using 3D printing and learning about physics.

East Asian Yilan students used 3D printing to design and
decorate cup holders inspired by Atayal influences; these were
evaluated by five experts. Overall, these experts ranked the
students’ creations well on “novelty” and “singularity.” Nov-
elty referred to “the original style, creativity, and particularity
of the work,” while singularity referred to “the painting pattern
variability and the unique visual design”'!. Here, 3D printing
allows students to express creativity in practical design expe-
rience.

In Rochester, New York, Vertus Charter School created a
program where over six weeks students learned about hands,
3D modeling and printing, and how to create a prosthetic e-
NABLE hand using 3D printing'”. Hands made by these stu-
dents serve children with missing fingers as part of a larger
e-NABLE community effort”. Here, 3D printing allows stu-
dents to take up projects with real-world impacts, learning
along the way.

At the University of Belgrade, Master’s coursework in
Mechanical Engineering involved designing turbocompressor
blades using 3D printing, considering certain values for air in-
let pressure, inlet temperature, mass flow rate, total pressure
ratio, and relative Mach inlet number!®. Here, 3D printing
is useful at a high level of education as these students design
complicated parts.

At the Technion-Israel Institute of Technology, fourth-year
aerospace engineering coursework included rapid prototyping
of aircraft models using 3D printing instead of CNC milling.
Compared to 3D printing, CNC milling requires more expen-
sive materials and a longer time to fabricate®. At Exeter (NH)
High School, high school students use 3D printing for rapid
prototyping; as technology teacher David Atwood noted, “all
students respond better to project-based learning because it is
easier to learn and gain context by doing than to learn simply
by reading a textbook.”'”. Here, 3D printing facilitated these
students’ design projects to be done cheaper and faster.
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Concrete-Representational Abstract (CRA)

Concrete-Representational-Abstract (CRA) is an approach to
mathematics education where students first physically manip-
ulate concrete objects, then engage with pictorial or other
mathematical representations, and finally use abstract nota-
tions to solve abstract problems; research has suggested that
CRA can be effective for teaching mathematics, especially for
students with learning disabilities??2. Using CRA for math-
ematics instruction is linked to the theory of embodied cog-
nition, where the act of understanding mathematical concepts
involves engaging the sensory-motor system of our nervous
systems along with mathematical imagination. It is possible
that the use of tactile 3D printed teaching aids may better pre-
pare the sensory-motor system to recognize the mathematical
concepts in their concrete forms?%. Historically, the CRA pro-
cess has been referred to as graduated instructional sequence,
used for special education®?%, 3D printed teaching aids may
provide the concrete objects teachers following CRA would
require. There are concerns that CRA may be more effective
for simple arithmetic than more complex, abstract subjects,
such as Calculus>.

Assistive Technologies

If 3D printing technologies could assist students with disabil-
ities in having superior learning outcomes, such technologies
could play an important role in alleviating challenges people
with disabilities face in STEM studies and employment.

STEM and Disabilities

There is a clear underrepresentation of students and em-
ployees with disabilities in STEM compared to the general
American population. STEM employees with disabilities face
employment and salary challenges.

About 26% of American adults have a disability; common
types include mobility, cognitive or mental, independent liv-
ing, hearing, and vision*®. Compared to this population, there
are relatively fewer undergraduate students with disabilities,
the percentage being 19.4%2%.. Even fewer of such students
pursue STEM deeply, such that only 8.8% of United States
doctorate recipients reported to the National Survey of Col-
lege Graduates’s of having a known disability“S. The National
Survey of College Graduates’s criteria for having a known dis-
ability were reporting a disability that creates “moderate,” “se-
vere,” or “unable to do,” difficulty regarding sight, hearing,
walking without assistance, lifting 10 pounds, or cognitive
functions such as making decisions?®. The most common stu-
dent disabilities are learning disabilities that have psychologi-
cal aspects, speech or language impairments, and other health
impairments such as a heart condition?®. The difficulties for
students with disabilities in academics were exemplified by a

finding that students with hearing impairments perform worse
on standardized exams=".

As for employment in STEM occupations, only 9.5% of
employed scientists and engineers reported to the National
Survey of College Graduates of having a disability; only 7.2%
of employed scientists and engineers with a doctorate reported
a disability=!. Findings suggest that students with disabilities
become discouraged from participating in STEM on a broad
scale, perhaps because of difficulties understanding content”.

Certain STEM employees with disabilities are paid less
than their counterparts without disabilities, as an analysis of
704,013 United States doctorate recipients found that “doc-
torate recipients with disabilities experienced early in life had
annual salaries that were on average $10,580 lower than their
non-disabled counterparts, and that this difference was larger
in the subset of STEM workers in academia ($14,360 early
disability vs no disability)”32. By “disability experienced
early in life,” the study authors refer to those who experienced
a disability before the age of 25 because many earn their doc-
torates between 26 and 30 years old=. This finding indicates
that these people are valued less financially by their employ-
ers.

These data indicate that students with disabilities have diffi-
culties learning STEM subjects: “STEM education frequently
engages the senses, particularly vision and hearing [...] sen-
sory impairments must be properly accommodated in order
for students to be engaged fully as learners”23. If 3D printed
teaching aids If teaching aids can significantly assist the learn-
ing of students with disabilities, disparities in STEM could be
alleviated.

Teaching Aids as Assistive Technology

Teaching aids could assist students with visual impairments,
learning disabilities, and mobility impairments. However,
there are limitations in uses for hearing and dexterity impair-
ments.

Visual Impairments: 3D printed teaching aids may assist
students with visual impairments who could otherwise strug-
gle with visual diagrams, textbook readings, or videos. 3D
printed teaching aids may have a price advantage over other
teaching aids®>. Exemplifying their utility, 3D printed models
can represent the translation of mRNA to protein at a ribo-
some; it may be easier for students with visual impairments to
understand the translation of mRNA to protein at a ribosome
through touching the mRNA connect with its complimentary
tRNA codons as tRNA adds the appropriate amino acid to the
polypeptide chain through the model®*. Additionally, pro-
gramming teachers of blind students have used 3D printing for
tactile data map visualization”>. 3D printing can also be used
to teach South Korean students with visual impairments how
to read Braille, with students finding the durability of PLA
to be conducive to learning, though some students were wor-
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ried about sharp edges not smoothed out in the researchers’
prints3?; other young children with visual impairments may
also benefit from 3D printing in their books“®. In STEM, 3D
printing can be used to help students understand images of ce-
lestial objects through feeling a 3D printed elevation map=Z.
Teaching aids can be easily made through public 3D models
of cosmic objects=%. For non-STEM subjects, 3D printing can
be used to represent historical relics, especially ones that may
be too large for a student to fully feel in person?. There is
room for improvement in teaching aids, specifically in facili-
tating converting 2D graphs into 3D graphs for teaching visu-
ally impaired students about linear equations in a more con-
crete way 40

Learning Disabilities: Teaching aids could, in tandem with
visual slides and auditory instruction, provide an engaging
multisensory experience for students with learning disabili-
ties to gain more understanding from lessons*?. Students with
learning disabilities could engage in self-advocacy by asking
their instructors to provide them with teaching aids, though
instructors with access to teaching aids should provide them
anyway“L.

Mobility Impairments: Teaching aids that fit in a student’s
hands remove any need for ambulation, e.g. walking around a
historical site or relic=.

Hearing Impairments: Students may benefit from the use
of teaching aids if instruction is delivered non-audibly such as
through a written document with pictures.

Dexterity Impairments: A teacher, teaching assistant,
peer, or someone else could manipulate the teaching aid for
the student with disability, possibly allowing the student to
benefit%?.

Teaching Aids

3D printing provides useful teaching aids for chemistry,
anatomy, pharmacology, and math.

Chemistry: 3D printing is useful for teaching chemistry.
Models of molecules can be made to help students better un-
derstand chemistry topics**. Models of molecules such as
ferrocene are more cheaply 3D printed than manufactured in
other ways*?.

Anatomy: 3D printing is useful for teaching anatomy. In
small group teaching sessions, there was an improvement in
test scores when 3D anatomical models were used for teach-
ing versus when 2D models were used. 96% of students re-
ceiving a 3D teaching component scored better than baseline
knowledge control, while for 2D, it was 88%4% In addition,
the raw materials for printing such models may only cost a
few dollars, such as a 75% scale model of the right lung cost-
ing only 3.33 US dollars**, 3D printed models of bones were
generally found by resident surgical trainees to be effective,
accurate training instruments that should be used during resi-

dent education>.

Pharmacology: 3D printing is useful for teaching pharma-
cology to undergraduate students. Students were tasked to use
3D printing to create enzyme inhibitors to better understand a
particular enzyme“®. Students generally agreed that the activ-
ity helped them to better understand medicinal chemistry and
that 3D printing has a role in pharmacy education®.

Mathematics

3D printing shows promise in teaching mathematics, which
may apply to Calculus AB as explored in this Senior Project.

In one study, 99 students were sorted into two groups. The
experimental group exclusively had access to project-based
learning using 3D printing to engineer solutions to a series of
problems within a transmedia intervention®. The experimen-
tal group’s students demonstrated significantly higher math
scores than the control group by a p-value of < .0012,

In a separate study, students who were able to use 3D print-
ing to learn about the volume of cubes, spheres, boxes, or
cylinders outperformed students who were not able to use 3D
printing to learn about these concepts 2.

A Harvard student developed a 3D printed water toy to
demonstrate Archimedes’s proof of the relation between the
volumes of a cylinder, cone, and sphere'?.,

For more advanced math, 3D modeling can model com-
plicated shapes such as hyperbolic paraboloids*’. Famous
mathematical shapes such as Apollonian cones may be mod-
eled*®. 3D printing may be used for exhibits of mathemati-
cal shapes®. 3D printing and modeling have the potential to
bring abstract yet interesting geometrical concepts to life.

Role of Teachers

Fully using 3D printing technology in the classroom involves
providing STEM and other teachers with 3D printing profes-
sional development and access to 3D printers.

Teachers may be unable to access or be unfamiliar with
the use of 3D printing, indicating the need for accessibility
measures. Teachers struggle to apply 3D printing to teach-
ing: when teachers were surveyed after attending professional
development on a variety of subjects, only 57% rated 3D print-
ing as applicable to their teaching compared to 90% for Mo-
bile Application Programming, 86% for internet, and 73% for
robotics®Y. Libraries are increasingly investing in training li-
brary patrons in 3D printing and providing them access to 3D
printers'’. One model for helping school affiliates be more
comfortable with 3D printing included providing a space for
school affiliates to not only use equipment to make objects but
also receive training in safely using equipment!. By having
someone knowledgeable in 3D printing present, teachers can
ask questions and therefore better incorporate 3D printing into
their teaching®>. Teachers may be assisted through libraries,
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professional development, access to 3D printers, and access to
experts.

3D printing can be useful for teachers beyond STEM. En-
glish teachers can use 3D printing in assignments; for exam-
ple, students may be tasked with creating symbolic and per-
suasive models as they seek to use rhetoric with various me-
dia®¥, Although history or social science teachers may be
slow to use 3D printing due to perceptions that 3D printing
mostly relates to STEM, 3D printing can still be used for hu-
manities projects, such as having students make 3D models
of Native American dwellings to learn about Native Ameri-
can culture®?, While the humanities may seem unrelated to
3D printing, there are 3D printing use cases for non-STEM
teaching.

Students with Disabilities

Teachers may be unprepared to meet the needs of their stu-
dents with disabilities; access to and knowledge of how to use
teaching aids may help them better teach these students.

Teachers can serve as a barrier to student success. Dis-
crete Mathematics involves using various mathematical ideas
to solve complicated problems found in reality. One study
found that the most common reason K-12 teachers in schools
and programs serving students with hearing impairments did
not provide their students access to Discrete Mathematics
lessons was that they believed “the mathematics level of dis-
crete mathematics concepts was too high for their students™>4.,
This was in contrast to how the National Council of Teacher
Mathematics had emphasized teaching students parts of dis-
crete mathematics, such as how to “Understand how mathe-
matical ideas interconnect and build on one another to produce
a coherent whole”53 and “Select, apply, and translate among
mathematical representations to solve problems”'ﬁ Some
STEM teachers even discourage students’ use of their ap-
proved accommodations®L. Globally, teachers feel an area “of
most critical need for professional development” is in “teach-
ing students with special needs,” indicating more work is to
be doneB9. Therefore, teachers’ perception of students with
disabilities or teachers’ ability to work with students with dis-
abilities can serve as barriers to students’ academic success.

If teaching aids would help students with disabilities in
learning a topic, then it would be prudent to train teachers in
not only better meeting the needs of their students with dis-
abilities but also in using 3D printing to acquire teaching aids.
Professional development for teachers could emphasize the in-
tersection of students with disabilities and teaching aids.

Methods

Calculus AB teaching aids for Disks, Washers, and Volume
Cross-Sections were created (Fig 1). Students were then pre-
sented with a video lesson. The experimental group had access

to the teaching aids during the video lesson, while the control
group did not. The learning outcomes between the two groups
were compared.

3D Printing Disks, Washers, and Volume Cross-Sections

Learning these concepts is required for a well-rounded under-
standing of Calculus AB. These concepts involve thinking in
3D.

Disks and Washers involve rotating a graphed area around
another line to generate a 3D shape. Volume Cross-Sections
involve combining cross-sections of a 2D graph to create a 3D
volume.

3D models of Disks, Washers, and Volume Cross-Sections
were generated using FreeCAD, a 3D modeling software.
These 3D models were 3D printed using PLA.

Fig. 1 A photo of the teaching aids. The teaching aid on the top left
represents Disks and Washers. The teaching aid on the bottom left
represents Volume Cross-Sections. The teaching aid on the right
represents the area between two functions.

The Experiment

Calculus AB Students at the BASIS, Washington DC High
School were divided into an experimental group and a con-
trol group. The experimental group was shown a video that
included a 3D visualization using the 3D modeling software,
explaining Disks, Washers, and Volume Cross-Sections. The
control group was shown the same video, but only the experi-
mental group could physically interact with the teaching aids.
Then, the groups took a survey to gauge their understanding of
the lesson. These questions were developed with review from
the faculty advisor to be similar to AP Calculus AB questions.

The survey consisted of six questions written in IZTEX using
a question set template with three questions for normaliza-
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tion, three questions to judge understanding from the lesson,
and two questions for students to rate how engaging or helpful
the lesson was.

Normalization Questions Questions 1(a), 1(b), and 1(c)
tested general calculus knowledge. They facilitated the com-
parison of students from similar backgrounds in Calculus AB
across the experimental and control groups.

They asked students to identify features of a graph, perform
integration, perform differentiation, and understand how equa-
tions relate.

Content Questions: Question 2(a) evaluated whether stu-
dents could evaluate the area between two functions, a nec-
essary step for solving Disks, Washers, and Volume Cross-
Sections problems. Question 2(b) directly evaluated students
abilities to solve a Volume Cross-Sections problem. Question
2(c) evaluated students abilities to solve a Disks and Wash-
ers problem. Students’ parents were asked to list any medical
or accommodations needs; assistance was available for any
students with dexterity impairments, such as an assistant cir-
cling the answer choices the student selects on the student’s
behalf238,

Engagement and Helpfulness Rating: Question 3(a)
asked students to compare the lesson with usual Calculus AB
lessons in terms of how engaging it was from one to five; in the
order from one to five, the ratings were “Much less engaging,”
“Less engaging,” “Equally engaging,” “More engaging,” and
“Much more engaging.” Similarly, Question 3(b) asked stu-
dents to compare the lesson with usual Calculus AB lessons
in terms of how helpful it was from one to five; in the order
from one to five, the ratings were “Much less helpful,” “Less
helpful,” “Equally helpful,” “More helpful,” and “Much more
helpful.”

Assessment Flaw and Mitigation
Question 2(c) had two semi-correct answer choices, so a
2cbN variable was created.

The answer to answer 2(c) should have been [value], but
only [value] and [value] were provided as answer choices (C)
and (D) respectively; (D) was supposed to be the correct an-
swer, but the limits on the integration were erroneous. Both
of these answer choices were somewhat similar to the correct
answer, with (C) having simply a difference in signs with the
correct answer. To compensate, the researcher created a 2cbN
variable, marked 1 if the student selected either semi-correct

answer choice, but O if the student selected either of the other
two wrong answer choices. This data point may be useful if
all students who chose one of the semi-correct answer choices
did so because they understand that these choices were clos-
est to the answer choice. However, the quality of the 2cbN
variable as a measurement of academic performance is called
into question if many students simply guessed those two an-
swer choices, as having two answer choices marked as correct
could significantly increase the chances of guessing leading to
a false positive regarding student performance on the exam.

Accounting for Students with Disabilities

Though the researchers were prepared to account for stu-
dents with disabilities, no participating students reported dis-
abilities that could have impacted their involvement in the ex-
periment.

Researchers played the uniform instructional video using
a large screen and audio component, increasing accessibility
for visually impaired students?®. While the video was audi-
ble for all students without hearing impairments present, with
minimal disruptive noise in the otherwise quiet classroom, the
video still included captions to ensure any students who are
hard of hearing or prefer captions were not left out, promot-
ing accessibility23. Watching the video did not require move-
ment, improving accessibility for students with mobility im-
pairments?®. Any students with mobility impairments would
have been closely monitored to prevent them injury on any
sharp angles or non-smoothed corners of the teaching aids%,
due to the teaching aids being small enough to fit in one’s lap
and hands, no specific lowering of tables or other such fur-
niture accommodations were necessary in the classroom for
them to participate fully’”’. Students were not expected to
speak, so students with speech impairments would not have
had issues; if students needed to use speech to self-advocate,
they would have been patiently listened to and offered the op-
tion to communicate using writing instead.

The lesson was about mathematics, so any students with
mathematics-related learning disabilities, though none identi-
fied themselves as possessing such, would have struggled. The
CRA approach was used in the planning of the lesson as CRA
may improve the accessibility of the lesson for students, as
discussed in subsection 2.2. Students were provided with the
3D printed models as concrete representations of the concepts,
shown visual representations by video, and then were shown
how to solve problems using abstract notation.

Ethics

Students’ parents or guardians gave informed consent to
have their students’ data, that is, students’ responses to the
survey, be anonymously surveyed. Students were instructed
to not write their real names or other personal identifying in-
formation on the surveys; students simply wrote an arbitrary
and anonymous experiment identification number on the sur-
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veys. Students’ identifying information, their names, were
only used to verify that the parents had permitted the students’
data collection and were not associated with scores in any way.
The researchers were firmly committed to protecting students
data privacy.

Students in the control group were offered the opportunity
to use the teaching aids after the survey was concluded so they
would not miss out on the benefits of using teaching aids. Stu-
dents who did not choose to participate in the survey had ac-
cess to the questions for practice after the experiment con-
cluded. All students had access to the survey questions and
answers after the survey concluded.

The researcher submitted an Institutional Review Board
form proposal describing how the researcher would gather
consent, protect student privacy, and responsibly destroy data
when finished. The proposal was accepted.

Limitations

There were several limitations to this research such as sample
size, recognition of the researcher, minimal haptic feedback
in teaching aids, the novelty of the research, limited data on
students with disabilities, the effect of the video on the stu-
dents, the lack of comparison regarding teaching aids made of
PLA against teaching aids made of other materials, the issue
with question 2(c), the length of the lesson, the timing of the
lesson, the subjectivity of questions 3(a) and 3(b), and limited
number of teaching aids.

Fifty-seven students participated in the experiment which
allowed for some results to be significant. However, having
more students would improve the quality of the data and add
confidence to conclusions drawn.

The identity of the researcher, Ryan Ting, was unavoid-
ably known to the students who participated in this experi-
ment as Ryan Ting attends the same school as the students
and was present during the experiment to ensure its fidelity.
Though not instructed to do so, students may have been in-
clined to vary their effort or engagement and efficacy ratings
when taking the survey depending on their attitude towards the
researcher.

Students could feel, rotate, and move around the teaching
aids, but could not do much more than that, showing a limita-
tion in tactile complexity. For example, one teaching aid not
used in this experiment includes a water component that al-
lows students to compare the volume of different shapes’=. In
comparison, the teaching aids used in this experiment lacked a
water component, a vibration component, and additional com-
ponents that may have added tactile complexity.

Because the students would have recognized that this lesson
is exceptional in its being used for research, students may have
become more or less engaged, skewing the results of the data.

Due to there being a limited sample size, there were stu-

dents reporting impactful disabilities, so this study could not
conclusively draw findings about how teaching aids assist stu-
dents with disabilities.

Students may have felt more or less engaged than during
a usual lesson due to watching a video. Therefore, the pres-
ence of a video may have skewed how engaged students were.
Additionally, the presence of a video, a multiple-medium pre-
sentation, may have overstimulated certain students, such as
students with dyslexia feeling overwhelmed when presented
with video??.

There was only one type of teaching aid examined, that be-
ing teaching aids 3D printed using PLA as a material; there-
fore, findings may apply to tactile teaching aids in general,
not just ones made of PLA; this is supported by teachers’ be-
liefs. Teachers generally support the use of physical teaching
aids, “teachers indicated that the use of manipulatives is im-
portant for implementing the goals of the NCTM Standards
with students who have LD [“learning disabilities”#*] and ED
[“emotional/behavioral disorders”?*]. The NCTM standards’
goals are to “emphasize complex math tasks requiring prob-
lem solving and mathematical reasoning skills and deempha-
size role computation and memorization tasks,”?* hopefully
leading to a superior learning experience.

Because question 2(c) had no definitive answer, it was dif-
ficult to conclusively determine which was the right question.
While there was an attempt to correct this during the analy-
sis of data, the question may be inconclusive. Therefore, this
experiment cannot make conclusive judgments regarding the
teaching aids’ efficacy on teaching Disks and Washers, which
question 2(c) represented.

The video length was less than fifteen minutes and while
thirty-five minutes were given to the students for completing
the survey, though most students only took about ten minutes.
A longer video lesson may have led to greater differences in
student scores and outcomes. In addition, the lesson was pre-
recorded and not live with in-person questions and answers,
possibly leading to an inferior learning experience. A longer
survey may have allowed for more data to conclusively deter-
mine any significant difference caused by the teaching aids as
more data would be available.

The lesson occurred in May, meaning students had already
been exposed to the lesson content two months before, in
March. In addition, these students had already taken their Cal-
culus AB test so they may have studied this lesson on their
own time. Because the Senior Project which produced this ex-
periment began in March, preparing the lesson to be done in
March was infeasible. In addition, the researcher did not want
to use the valuable class time before the Calculus AB test. The
result may have been that students performed better than they
would if they were learning the content for the first time rather
than exposed to a refresher. Additionally, in the context of the
BASIS DC curriculum, while Juniors might not need to use the
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concepts of Disks an Washers and Volume Cross-Sections in
the future, Sophomores would take Advanced Placement Cal-
culus AB which also tests understanding of these concepts;
this may have encouraged Sophomores to put more effort than
Juniors into understanding the content and performing better.

The presence of a 3D visualization component in the video
may have confounded the control group by providing them
with enough 3D visualization experience that the addition of
the 3D printed teaching aids added minimally to their learning
experience.

Questions 3a and 3b asked students to compare the engage-
ment and efficacy of the lesson to normal Calculus AB lessons.
However, this scale is subjective, so students’ responses may
not accurately reflect how engaging or effective the lesson
was.

There were only three teaching aids available. If there were
more, such as multiple teaching aids demonstrating different
degree cross-sections of the Disks and Washers model, then
the lesson may have been more effective.

The study did not correct for multiple subgroup analyses
possibly increasing the risk of a Type I (false positive) error,
a decision made based on the small sample size. Applying
the strict Bonferroni method or other methods to account for
multiple subgroup analyses could have overly diminished the
study’s statistical power, increasing the risk of a Type II error
(false negative). In light of this, the subgroup findings should
be interpreted cautiously.

Results

The experiment found one significant result with a p-value of
0.05 or lower, but has not conclusively determined any causal
relationship between the use of 3D printed teaching aids and
students learning outcomes in Calculus AB.

Several other subgroup comparisons led to insignificant re-
sults.

Statistical methods

The researcher normalized scores for the content questions,
seeking to minimize the effect of certain students being more
capable at Calculus AB than others. For each student, their
average score between questions 1(a), 1(b), and 1(c) was de-
termined, with every question being scored a 1” if they got it
correct and a 07 if they got it wrong. Then, for each content
question, this average was subtracted from the student’s raw
score. For example, if the student scored a 1”” on question 2(a),
0” on question 2(b), and 1” on question 2(c), while scoring a
1” on question 1(a), 0” on question 1(b), and 0” on question
1(c), then their average score for questions 1(a), 1(b), and 1(c)
would be approximately 0.333, so their normalized scores for
the content questions would be 0.667,” -0.333,” and 0.667”

respectively. The resulting normalized scores were referred to
as 2aN,” 2bN,” and 2cN,” with “Average Score Normalized”
being each student’s average score of 2aN and 2bN, not in-
cluding 2cN due to its flaws.

The researcher used a two-sample ¢-test to find a one-tailed
p-value. The researcher chose the two-sampled ¢-test because
the data met the tests assumptions. Survey outcome variables
followed continuous normal distributions, students were ran-
domly assigned into subgroups independent of their outcome
variables, and the variance in compared groups met the condi-
tion of homogeneity of variance.

The researcher used the benchmark of a p-value of 0.05 or
less to claim a result was significant. Data are truncated unless
otherwise specified.

Overall Differences

Shown in Figure 2, No overall differences between the exper-
imental and control groups for performance on the content or
rating questions were significant with a p-value of 0.05 or less.
Data shown in Table 1.

Grade-Level Subgroup Analyses

Shown in Figure 3, there was no evidence that grade levels
impacted how students responded to the teaching aids. Data
shown in Table 2.

”Helpful vs. Not Helpful” Performance

To examine how different students responded to the interven-
tion, the data were broken down with the helpful” subgroups
including students whose average rating of questions 3(a) and
3(b) was above 3, and not helpful” including those whose av-
erage rating of questions 3(a) and 3(b) were below 3. There
were significant differences found in relevant benefits.

Within Experimental Group

Shown in Figure 4, within the experimental group, students
in the helpful group performed significantly better than those
in the not helpful group on 2aN and Average Score Normal-
ized. For 2aN, students in the helpful group performed bet-
ter (M = 0.238, SD = 0.479, n = 14) than those in the not
helpful group (M = 0.000, SD = 0.210, n = 6), with signif-
icance (#(15.073) = 3.721, p = 0.001). For Average Score
Normalized, students in the helpful group performed better
(M = 0.202, SD = 0.449, n = 14) than those in the not help-
ful group (M = 0.000, SD = 0.278, n = 6), with significance
(1(17.964) = 3.235, p = 0.002). Data are shown in Table 3.

Broadly

Shown in Figure 5, it was found that across the control and
experimental groups together, students in the helpful group
performed better than those in the not helpful group on 2aN,
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Fig. 2 Cumulative Comparison of Content Questions (a) and
Engagement and Efficacy Ratings (b). (a) A clustered bar graph
demonstrating the differences in averages in performance between
the experimental (n = 25) and control (n = 32) groups on the
normalized content questions and average. (b) A clustered bar graph
demonstrating the differences in averages in ratings between the
experimental and control groups for the rating questions.

2bN, 2cbN, and Average Score Normalized. For 2aN, stu-
dents in the helpful group performed better (M = 0.252, SD =
0.501, n = 29) than those in the not helpful group (M = 0,
SD = 0.398, n = 15) with significance (¢(40.112) = 4.072,
p < 0.001). For 2bN, students in the helpful group performed
better (M = 0.149, SD = 0.574, n = 29) than those in the not
helpful group (M = —0.066, SD = 0.606, n = 15), with signif-
icance (#(25.821) = 1.910, p = 0.033). For 2¢bN, students in
the helpful group performed better (M = 0.459, SD = 0.313,
n = 29) than students in the not helpful group (M = 0.333,
SD = 0.398, n = 15), with significance (¢(19.743) = 2.817,
p = 0.005). For Average Score Normalized, students in the
helpful group performed better (M = 0.201, SD = 0.498,
n = 29) than students in the not helpful group (M = —0.033,
SD = 0.418, n = 15), with significance (¢(37.818) = 3.624,
p < 0.001). Data are shown in Table 3.

Helpful vs. Not, Within Control
Shown in Figure 6, within the control group, students within
the helpful group performed better than those in the not help-

Sophomores Juniors
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Fig. 3 Comparative analyses of Sophomores in Content Questions
(a) and Engagement and Helpfulness Ratings (b), and Juniors in
Content Questions (c) and Engagement and Helpfulness Ratings (d).
(a) and (b) Clustered bar graphs demonstrating the differences
between the experimental and control groups for sophomores. (c)
and (d) Clustered bar graphs demonstrating the differences between
the experimental and control groups for juniors.

ful group on 2aN, 2cbN, and Average Score Normalized.
For 2aN, students within the helpful group performed better
(M = 0.266, SD = 0.537, n = 15) than those in the not help-
ful group (M = 0.000, SD = 0.500, n = 9), with significance
(1(18.989) = 2.384, p = 0.014). For 2cbN, students within
the helpful group performed better (M = 0.466, SD = 0.328,
n = 15) than those in the not helpful group (M = 0.333,
SD = 0.408, n = 9), with significance (¢(12.095) = 2.145,
p = 0.026). For Average Score Normalized, students within
the helpful group performed better (M = 0.200, SD = 0.557,
n = 15) than those in the not helpful group (M = —0.055,
SD = 0.506, n = 9) with significance (¢(19.566) = 2.178,
p =0.021). Data are shown in Table 4.

All Not Helpful, Experimental vs. Control

Shown in Figure 7, for students within the not helpful
group, those also in the experimental group rated the helpful-
ness of the lesson higher (M =2.333, SD =0.516, n = 6) than
those in the control group (M = 1.888, SD =0.333, n =9),
with significance (#(6.172) = 3.864, p = 0.004). Data are
shown in Table 5.

Discussion

Overall, teaching aids did not have significant effects on stu-
dents survey responses. There were some significant compar-
isons across subgroups.

Shown in Table 3, broadly students who rated the lesson
as more helpful tended to perform better. However, this can-
not be interpreted as related to the intervention as within the
control group, those who rated the lesson as more helpful per-
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Fig. 4 Comparison within the experimental group of students who
were in the helpful versus not helpful groups. (a) Differences in
averages in performance, (b) Differences in evaluations of
engagement and efficacy of the lesson.

formed better, seen in Figure 6. Perhaps the 3D visualization
component of the video or other aspects of the lesson signifi-
cantly helped these students better understand the course ma-
terial; the presence of a video may have biased student en-
gagement due to novelty or other reasons23,

The finding that students ratings of the lessons helpfulness
actually translated to improved performance supports the idea
that students are able to generally discern how helpful a les-
son was or was not. This idea can be taken further: because
the helpfulness ratings for the experimental and control groups
were similar, the teaching aids were not helpful or unhelpful.
However, research has suggested that students do not reliably
predict how well a lesson has benefited them, so this conclu-
sion cannot be confidently drawn%60. Because students in the
sample were not impacted by disabilities, the study was unable
to find any results relating the intervention and students with
disabilities.

The grade level of the students had no significant effect on
how well they performed when given access to the teaching
aids. This may be because students who take Calculus AB at
BASIS DC may be uniformly prepared no matter their grade
level due to having taken the same mathematics classes in

Helpfulvs. Not, Broad
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Fig. 5 Broad comparison between students who found the lesson
helpful and students who did not find the lessons helpful. (a)
Differences in performance, (b) Differences in evaluations of
engagement and efficacy of the lesson.

preparation for Calculus AB. It could also be because there is
no significant difference in students learning abilities between
these two grades.

Of students who rated the lesson as not helpful, those with
the intervention still rated the lessons helpfulness more highly
those without the intervention. This correlation is not neces-
sarily causation: perhaps the inclusion of 3D printed teaching
aids introduced a novelty effect causing students to feel the
lesson was more helpful than it actually was. Additionally,
students may have simply believed that 3D printed teaching
inherently make a lesson more helpful by their presence, an
idea that would correlate the perceived effort of a lesson the
showmanship with the efficacy of the lesson. If 3D printed
teaching aids generally make students believe a lesson is more
helpful, then the implementation of 3D printed teaching aids
could possibly improve students attitudes towards math class;
they may better appreciate the classes as means for their edu-
cation.

The overall lack of correlation between the teaching aid in-
tervention and differences in survey responses may provide
evidence for the concerns raised about CRA in general, that
CRA is less effective when used to teach subjects of complex-
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Fig. 6 Within the control group, comparison between students in the
helpful group and those in the not helpful group. (a) Differences in
performance, (b) Differences in evaluations of engagement and
efficacy of the lesson.

ity and abstraction beyond simple arithmetic2y, However, we
have seen studies demonstrating its use in higher education,
such as undergraduate pharmacology courses“®. This study
has not provided conclusive evidence linking the use of 3D
printed teaching aids and improved learning outcomes for Cal-
culus AB students.

Conclusion

It cannot conclusively be determined that touching teaching
aids assists students in learning Disks, Washers, and Volume
Cross-Sections. However, for students who generally did not
find the lesson helpful, the intervention made the lesson seem
more helpful.

Results Suggest that among students some learn better than
others when presented with the 3D visualization or other as-
pects of the video lecture. The ability to touch the teaching
aid had a comparatively insignificant effect on students’ per-
formance.

This research also lacked any participants with significant
disabilities so it cannot draw any conclusions regarding the

AllNot Helpful, Experimental vs. Control
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Fig. 7 Within the control group, comparison between students in the
helpful group and those in the not helpful group. (a) Differences in
performance, (b) Differences in evaluations of engagement and
efficacy of the lesson.

efficacy of teaching aids for these students.

Further Research

Further research includes performing similar research with
superior resources, the use of more tactilely complex teach-
ing aids, examining other Calculus AB and mathematical top-
ics, preparing teachers for using teaching aids with students
with disabilities, other kinds of tactile teaching aids, and us-
ing teaching aids to assist students with hearing or dexterity
impairments.

Those seeking to further study the efficacy of teaching aids
may gain several lessons from this experiment. One lesson is
to increase the number of survey questions, allowing for more
topics to be examined and allowing for each student to have
multiple opportunities to demonstrate understanding or lack of
understanding in each topic. In this way, there may be more
opportunities to find significant results regarding the efficacy
of teaching aids. Another lesson is to increase the number and
variety of students. Having a greater number of students al-
lows for more certainty when determining the significance of
results. Having a greater variety of students, especially includ-
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ing more students with disabilities, would allow for analysis of
the effects of teaching aids on these subgroups. Experiment-
ing with students who have not seen this lesson material be-
fore may also yield different results, as the students involved
had already been exposed to the lesson material. Finally, ef-
forts can be made to control for any effects of showing 3D
visualizations through video and any effects of novelty and
recognition of the researcher.

Examples of tactile complexity in teaching aids could be the
use of multiple parts to create one teaching aid, similar to how
many Lego bricks form one design. By allowing students to
build the teaching aid, they may have a more interesting and
engaging tactile experience with the teaching aids.

Advanced mathematical concepts such as Riemann Sums,
Sinusoidal Functions, and Infinite Series with Finite Sums
show promise in being taught using teaching aids. Riemann
Sums could be shown through rectangles of increasing fixed
height appended to the bottom of a function that is being mod-
eled using the Riemann Sums. Sinusoidal Functions, although
2D, could be made with 3D models that allow students to see
the functions along two axes in the real world. Infinite Series
with Finite Sums could be shown using a series of blocks of
decreasing area which, when combined, roughly add up to an
area, just as the terms of the Infinite Series with Finite Sums
eventually add up to one finite sum.

There is room for teachers to be trained in how to use teach-
ing aids with students with disabilities. Teachers who have
been trained in a coherent program, that is consistency in
messages to and expectations of candidates throughout their
coursework, field placements, and assessments”, express bet-
ter outcomes when teaching students with learning disabili-
ties®!. edTPA is an assessment for aspiring teachers used in
837 teacher preparation programs in 41 states and the District
of Columbia®!; for edTPA, aspiring teachers submit a video
of them teaching a lesson along with some essays explaining
the thought process behind the lesson®!. Not only is there a
need for more thought into implementing training for teaching
students with learning disabilities in coherent programming®!,
especially as more and more students with learning disabilities
enter general education classrooms®., but there is also a need
for research into best practices in professional development
for teachers working with both teaching aids and students with
disabilities, especially as “What seems to be missing at the
moment is a curriculum that organizes the 3D printing activi-
ties in a manner that helps teachers and instructors design and
facilitate structured learning events”''#. This may be incorpo-
rated into assessments such as edTPA to spread these ideas
among teachers.

While this research examined 3D printed teaching aids
made of PLA, there are other options to explore. Teaching
aids made of foam may be more accessible to students who do
not feel comfortable around hard objects; teaching aids made

of Lego Bricks may be more relatable and therefore more en-
gaging to students. The best choices for teaching aids would
balance affordability, effectiveness in the classroom, and sus-
tainability or other considerations.

There may be research done to examine how students with
hearing or dexterity impairments may be best served using
teaching aids. There may be best practices for teachers to en-
sure inclusive instruction by providing different methods of
interaction with the teaching aids and accompanying explana-
tions of the symbolism of the teaching aids’ aspects.
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Table 1: Cumulative Comparison of Experimental and Control Groups on Post-Test Performance

Dependent Variable Group n Mean (M) SD t DOF p-value
Q3a: Engagement Experimental 25 3.280 0.737  0.408  46.88 0.343
(Rating 1-5) Control 32 3.188 1.061
Q3b: Helpfulness Experimental 25 3.240 0.779  0.657  50.99 0.257
(Rating 1-5) Control 32 3.094 1.027
Q2aN: Area Experimental 25 0.120 0.490 -1.368 55.00 0.911
(Normalized) Control 32 0.219 0.553
Q2bN: Volume Cross-Sect Experimental 25 0.080 0.532  0.210 54.55  0.417
(Normalized) Control 32 0.063 0.583
Q2cN: Disks/Washers Experimental 25 -0.280 0.650 -1.861 41.87 0.965
(Flawed) Control 32 -0.094 0.550
Q2cbN: Disks/Washers Experimental 25 0.400 0.319 -2.258 54.97  0.986
(Mitigated) Control 32 0.469 0.358
. Experimental 25 0.100 0.438 -0.684 54.93 0.751
Overall AVG Normalized Control 29 0.141 0.506

Note: SD = Standard Deviation.

Table 2: Comparison of Student Performance by Grade Level (Sophomores and Juniors)

Variable: Overall AVG Group n Mean (M) SD t DOF p-value

Sophomores (Period 1 vs. Period 4)

0 1S Period 1 10 0.183 0.388 0.753 24.70  0.229
verat Heore Period 4 17 0.127  0.484

Juniors (Period 2 vs. Period 3)

0 1S Period 2 15 0.044 0.473 -1.151 2594  0.870
veratl seore Period 3 15 0.156  0.547

Note: SD = Standard Deviation.
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Table 3: Analysis of Student Performance Based on Perceived Helpfulness of the Lesson

Comparison Context Group Rating n Mean (M) SD t DOF p-value
Broad Comparison (All Students)

Overall AVG Helpful 29 0.201 0.499 3.625 37.82 0.0004
Normalized Score Not Helpful 15 -0.033 0.419
Within Experimental Group Only

Overall AVG Helpful 14 0.202 0.449 3.236 17.96 0.002
Normalized Score Not Helpful 6 0.000 0.279

Note: SD = Standard Deviation.

Table 4: Within-Control Group Analysis: Performance Differences Based on Perceived Helpfulness

Comparison Subgroup n Mean (M) SD t DOF p-value
Overall AVG Helpful Con 15 0.200 0.557 2.18 19.57 0.021
Normalized Score  Not Helpful Con 9 -0.056 0.507

Note: SD = Standard Deviation.

Table 5: Comparison of Performance Between Experimental and Control Students Who Rated the Lesson
as “Not Helpful”

Comparison Subgroup n Mean (M) SD t DOF p-value

Overall AVG  Not Helpful Exp 6 0.000 0.279 0.61 10.05 0.278
Normalized Score  Not Helpful Con 9 -0.056 0.507

Note: SD = Standard Deviation.
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