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This article introduces the Square Root Law of Outliers and provides its derivation, highlighting its significance and the context of
its application. It explores the use of the Inverse of the Herfindahl-Hirschman Index (IHHI) in analyzing data distributed across
bins in a normal distribution, and establishes a natural level of significance for the Student’s t-test in the limit of large sample
sizes. This approach leads to the identification of a critical value fcgical = +/7 = 1.77, and a two-sided natural level of significance
a = 0.076. By combining the Square Root Law of Outliers with this natural level of significance in an analysis of how humans
make friends, and by applying them to a “likability” measure, the article successfully formulates an analytical expression for
Dunbar’s Number. This offers a mathematical explanation for the cognitive limits of human social networks. As a concrete
application of the Square Root Law of Outliers, and by interpreting Dunbar’s Number as the typical size of a hunter-gatherer
community, the study analyzes the prevalence rates of genetic conditions such as color-blindness, autism, and bipolar disorder. It
paves the way for a novel hypothesis: that these genetic conditions were integrated into the human genetic pool approximately
10,000 years ago in early agricultural societies, serving as evolutionary advantages in warfare. The article also discusses some

other potential areas of application for the Square Root Law of Outliers.

Introduction

The “Square Root Law” presents itself in many situations. The
most famous example is the so-called “Birthday Problem™.”
This problem consists in estimating the necessary number of
people for at least two of them to share a birthday, with a proba-
bility greater than 0.5. The correct answer is 23 people, far less
than the number of days in a year, but closer to v/365 ~ 19.1.
Another well-known situation where a square root law appears
is in the Central Limit Theorem”, which states that given N
i.i.d. (independent and identically distributed) random numbers
each with mean u and standard deviation &, the distribution for
the average value of these N random variables will approach a
normal distribution with the same mean p but with a much nar-
rower standard deviation o/ VN. A square root law also shows
up in Brownian motion>, where the displacement is expected
to increase as the square root of time. Square root laws have
also been applied empirically to various contexts, such as in
(a) Inventory management, where it states that the number of
warehouses only needs to increase as the square root of size of
inventory, in (b) in analysis of productivity, where it is known as
Price’s Square Root Law®, stating that 50% of the results will
be achieved by the square root of the size of the total group of
workers, or in (¢) pharmaceutical inspection, where it is known
as the rule of “Square Root of N Plus One”® /N +1, and it
dictates how many boxes to sample and inspect.

There appears to be no published results on the Square Root

Law as pertaining to the size of outliers, and this article rep-
resents an effort to provide a context and justification for its
applicability in this new domain.

Establishing a Square Root Law of Outliers aids in situations
where attention comes at a premium. For instance, in statistical
analysis, continuous variables are often binned into classes for
ease of discussion. An example is the use of tax brackets. Also,
in the plotting of histograms, often the last category is an ex-
ceptional category like “$100 or above.” The use of the Square
Root Law of Outliers helps to find an appropriate cutoff point
for defining outliers.

This law also contributes to the justification of the distribu-
tion of resources in policymaking. For instance, many diseases
warrant research studies. However, governments and human
societies have limited resources. Therefore, it becomes a matter
of practical necessity to fund only those research studies on
diseases that impact a significant portion of the population. Sim-
ilarly, a political representative (e.g., a city council member or a
congressperson) cannot possibly address all the concerns of their
individual constituents and must focus only on those matters
that are of general concern. The Square Root Law also helps
to establish the selection criterion and separate the exceptional
members from regular members. For instance, there are almost
200 countries in the world, which gives a square root value of
/200 ~ 14.1. Therefore, it is not surprising that a forum like
the G8 (The Group of Eight) or G7 (The Group of Seven) has
been criticized as being too narrow, and a more inclusive forum
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like the G20 (The Group of Twenty) has emerged to allow for
a more comprehensive dialogue on issues related to the global
economy.

In the context of evolution, genetic variations may either bring
about novel subspecies/species or cause genetic anomalies. The
Square Root Law of Outliers helps to separate normal variations
from anomalies and may assist in the choice of action between
accommodation and treatment.

The Square Root Law of Outliers

This new square root law applies to competition between two
teams: team I and team II. First, assume team I is composed of
i.i.d. team members, each capable of making a contribution that
follows a distribution with mean 4 and standard deviation O4.
By the Central Limit Theorem, the average member contribution
in team I would approach a normal distribution with mean X; =
U4, but with a standard deviation approaching oy = %, where
N is the size of team 1.

Now, consider a second team II with the same sample size N,
but with two different types of team members:

¢ (N —n) ii.d. team members just like those in team I, and

e n 1.i.d. team members of a different kind that make a
contribution following a distribution with a mean pg > g
and a standard deviation op.

Now, the two teams will compete. The question is: which
team will win? Obviously, team II has an advantage because
up > Ha. But in real life, a better team may still lose to a
worse team, due to random factors. The question is then: at
what size of n would it be most clear that team II will win in
a game against team 1? This question mimics the Student’s t-
test” for comparing two means. Essentially, the new mean Xj;
should differ from the old one X; by an amount larger than the
standard error coming from statistical fluctuations. In this test,
one defines a #-statistic to be:

t_XII—XI
c

_ /2 2
0 =4/0j +0j;

where a sample of size N for each team has been assumed, as
represented by their respective N team members. In that case,

the following formulas result:
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In the limit N > n > 1, the ¢ statistic becomes
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In the limit of a large number of degrees of freedom N — 1
in the ¢-test, the Student’s ¢-distribution approaches a normal
distribution N(0,1). Thus, one simply looks up the inverse
cumulative distribution function of N(0, 1) to obtain a desired
critical value. (In the SciPy Python package, this is given by
the scipy.special.ndtri () method). For instance, at
a = 0.05 significance level, #.itica = 1.64. Using the critical
value for a given significance level, one can then infer from the
above formula the value of ngitca Necessary to more-or-less
guarantee team II winning a match against team I. That is:

feritical G4 V2
Necritical = \/Ni( c(r::;a_ .UA) )

As seen in the next section, there is a natural choice of for the
critical value given by fitca = v/ = 1.77, corresponding to
a singled-sided significance level of @ = %erfc (\/g ) =0.038.
Choosing this value of #.gcals

Acritical = \/NM
(uB — Ha)

Assuming the factor inside the parenthesis to be around 1, a
general rule is created:

Neritical ™~ \/N

That is, a subpopulation of high-performing outliers will only
become statistically significant if their size is larger than the
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square root of the total population. Incidentally, by taking the
natural choice of f.ijica = /7 = 1.77, if the multiplicative factor
in the square root law were to be 1, that would mean:

(Hs—14) _ for a5
(o7

That is, the new mean pp would be about two and half times
larger than the standard deviation, away from the mean of the
distribution of contribution of a member in team I. This is a
reasonable requirement for the new type of team member to
excel over the existing type. Of course, if this is not the case,
the multiplicative factor in the square root law will need to be
adjusted accordingly.

Obviously, this analysis carries through for the case of un-
derperforming outliers as well. In general, in a population of N
members, due to the square root law and under fairly general
conditions, usually a subgroup’s differential contribution will
stand out only if the size of the subgroup is larger than v/N, save
for a multiplicative factor that is typically of the order of 1.

Natural Level of Significance o = 0.076

Whenever one performs a Student’s 7-test, one must always
specify a level of significance ¢. Popular choices of level of
significance are 0.10, 0.05, and 0.01. One may wonder whether
there is a more natural way of automatically selecting a level of
significance that is suitable to most typical situations. By apply-
ing the Inverse Herfindahl-Hirschman Index (IHHD)® to a binned
normal distribution, a natural value for a level of significance
can be effectively attained.

Fig. 1 Level of significance

The continuous distribution of N samples that follows a nor-
mal distribution N (0, 6?) is given by

N
e
oV2n

fx) =

Upon binning, the population size in each bin (using a left
Riemann sum) is given by:
N§ i

n—-———e 20° = —¢
" ov2n oV2rm
The “effective number of bins” can be obtained by calculating
the Inverse Herfindahl-Hirschmann Index (IHHI), which is also
commonly used in the analysis of market concentration and
monopoly situations?. It has also been applied to the effective

number of political parties in parliaments.
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When assigning these B bins to the central area of the normal
distribution, the total horizontal span of the shaded area would
be 2X = BS = 20+/7. This means
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The effective fraction of the total population (the shaded area)
would be:
2
e 282dx=
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where erf(r) is the error function. The two-sided level of signifi-
cance can be expressed in terms of the complement of the error
function erfc(z):

m/2) =erfe(

Owo-sided = 1 — Peffective = 1 — erf( 71:/2) =0.076

whereas the single-sided level of significance would be given
by

1
Osingle-sided = ierfc( 7/2) =0.038

The corresponding critical value for a Student’s z-statistic in
the limit of large N is given by:

Teritical = \/ﬁ =177

One may wonder why bother choosing a natural level of
significance or a critical value of the 7-statistic. This question
is similar to asking why one should choose Euler’s number
e =2.71828... as the base of the natural logarithmic function,
when any other base would do. This article aims to prove that
the special analytic properties of these natural choices are what
ultimately lend support to their usage.
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An Analytical Expression for Dunbar’s Number

In the ambit of social sciences, Dunbar’s Number™? has widely
been used as a suggested cognitive limit to the number of people
with whom one can maintain stable social relationships. It was
first introduced by the British anthropologist Robin Dunbar, and
it proposes that humans can maintain 150 stable relationships.
Dunbar has also analyzed the typical size of hunter-gatherer
societies. Dunbar’s number has been proposed to lie between
100 and 250, with a commonly used value of 15011,

Although Robin Dunbar reached his number by studying re-
lations between primate brain sizes and their average social
group size, one may wonder whether there is a more fundamen-
tal mathematical mechanism behind this number. This section
represents such an attempt.

The creation of a measure of “likability” of a person’s friends
serves as a foundational step in this approach. A friend may
score high if they are a candidate for a romantic relationship. An-
other friend may score high if they are a good fellow co-worker.
However, romantic relationships are typically discouraged in a
workplace environment. That is, a person that is likable in one
dimension may not be likable in another dimension. No one
person can score high in all dimensions simultaneously. There
are a multitude of dimensions to measure a person’s likability.
A Principal Component Analysis (PCA)12 can be applied to
synthesize all these dimensions down to one single dimension.
Once typical variable centering and z-scaling''¥ are performed,
the distribution of people that a person regularly interacts with
is expected to more-or-less follow a normal distribution, along
the direction of the first principal component. It is important
to point out that people that a person may like a lot may not
reciprocate, since they themselves may prefer to hang around
with other friends that they like better.

By applying the “Inverse Herfindahl-Hirschman Index” anal-
ysis of the previous section, it can be inferred that out of the N
friends that a person regularly interacts with, two groups may
emerge:

* Stable friends: this group constitutes erf (/5 ) =0.924 =
92.4% of friends, with whom a person has stronger attach-
ments to, and these friends are thus within the “effective
bins” in the normal distribution. They would fall under the
“exploitation” category.

Outlier friends: this group constitutes erfc ( %) =
0.076 = 7.6% of friends, with whom a person has weaker
attachments to, and these friends are thus outside the “effec-
tive bins” of the normal distribution. These are the outlier
friends. They would fall under the “exploration” category.

If the square root law from the first section of this article is
further applied to this dichotomy of friends, the size of outliers
can be estimated to be v/N, which is the number of friends that

a person doesn’t particularly like (left-tail region of the normal
distribution), or that they are not particularly liked by (right-tail
region of the normal distribution). That is, the fraction of these
outlier friends will be:

o 5) -

which means that the number of friends that simultaneously
satisfy the IHHI criterion and the square root law of outliers is
given by

N:;:IHJ

(erfe® (v/5))
In particular, the size of stable friends (the “exploitation”
group), which shall be identified as the Dunbar’s Number D, is
given by

D:N—\/NZN(I—\j/VN):
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The numerical value obtained here is fairly close to the value
150 that is commonly used for Dunbar’s number.

How should one interpret the origin of this number? This
present paper obviously has not looked into the size of brains
of primates—it has only relied on a mathematical analysis. Yet,
this analysis finds a number that is in the general vicinity of
the commonly used value. Dunbar’s number may be a natural
consequence, if the human brain manages relationships in two
layers: first at an individual level, and then at a group level. This
is akin to how a country like the U.S.A. is organized: it has a
federal government, but the country is also divided into states.
This two-level split may ultimately be the responsible for the
occurrence of Dunbar’s Number. That is, if a person correlates
and associates their friends into groups so they can better man-
age their relationships inside their brain, then Dunbar’s Number
could arise as a natural consequence. As to why other primates
do not reach the level of Dunbar’s Number in the number of
their relationships, a possible explanation is that they have not
fully developed this two-layer split inside their brains.

An Application

The Square Root Law of Outliers is applicable to any situation
of competition. For instance, in the context of evolution; due to
recombination, natural mutations and epigenetic effects; genetic
expressions of individuals will differ. Unusual genetic condi-
tions may be interpreted as Mother Nature doing exploration
instead of exploitation. This begs the question: what types of
genetic conditions should be considered normal variations, and
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what types of genetic conditions should be considered outliers?
The Square Root Law of Outliers provides one simple rule: if a
genetic subgroup’s prevalence rate is above ﬁ, then the condi-
tion is considered to be a part of normal variation, whereas if a
genetic subgroup’s prevalence rate is below ﬁ then it can be
regarded as an outlier. Here, N represents a collective group of
a population that competes with other collective groups. Within
each collective group, assume that the group members may re-
produce randomly with other members. In human society, the
unit of competition typically is at the level of countries, because
within the same country, people can move freely and form fami-
lies more easily. In antiquity, the unit of competition could be
human clans or tribes. Additionally, wars often happen between
different clans, which provide a force of natural selection. The
typical size of a country today is around 10 million people. That
would mean that any genetic subgroup with a prevalence rate
above \/WW ~ 0.03% should be considered as a significant
contributor. That is, such a subgroup probably carries some
evolutionary reason for its existence.

Autism has a prevalence rate of 1 in 36 children 14 or about
3%. This prevalence rate is two orders of magnitude higher
than the threshold value of 0.03%. Therefore, there are prob-
ably some good evolutionary reasons why Mother Nature has
included this subgroup in humans. The same is true with color
blindness, which makes up about 2% to 4% of the general popu-
lation (4% to 8% in boys)™>. The same is also true with bipolar
disorder (lifetime prevalence rate 4.4% in the U.S. adults)0.
On the other hand, congenital hypothyroidism has an incidence
rate of 1:3000 to 1:4000, or below 0.03%, making it suitable
to be considered an anomalyZ. A condition such as Phelan-
McDermid Syndrome has an occurrence rate of 2.5—10 per
million births®, or around 0.0005%, so it should be considered
an anomaly as well. This separation between normal variations
and anomalies can guide the creation of an approach to handling
these different types of population subgroups. In fact, in the
case of color blindness, modern society has largely accepted
and accommodated color-blind citizens. In the case of autism,
instead of “treatments,” perhaps others should try to explore the
reasons behind Mother Nature’s design, and provide alternative
development paths for children with this genetic condition.

The prevalence rate of color-blindness, autism and bipolar
disorder all fall around the general vicinity of 3%—4%. One may
wonder whether this is beyond just a coincidence. If Dunbar’s
Number ~ 150 indeed is the size of a typical hunter-gatherer
community, if the square root law is applied to the inverse of
the prevalence rate, then the critical population size for the
three genetic conditions (color-blindness, autism and bipolar

disorder) would be around (ﬁ)2 = 625, or about the size of
early agricultural villages.

There are anecdotal accounts on the ability of color-blind
soldiers being able to see through enemy camouflage. A more

formal study has confirmed the ability of color-blind people to
see through camouflage’®. Camouflage is particularly important
after the invention of long-range projectile weapons, such as
bows and arrows. Given that color-blindness is predominantly
a male-bound genetic condition, it seems like the linkage of
color-blindness to a combat advantage is at least plausible, since
in antiquity, combat roles were mostly male-bound. Similarly,
autism occurs more often in boys than girls (about 3:1 accord-
ing to one studyY), although less clear-cut as the case of color
blindness. Given the gender bias of color blindness and its
relationship to a warfare advantage, there is a possibility that
autism also provided an edge in ancient battles. On the other
hand, bipolar disorder shows no gender preference. Putting
all these three genetic conditions together, it seems to suggest
that in antiquity, color-blind people had a direct role in combat
situations, whereas the autistic group more likely played a sup-
porting role, and that the bipolar group mostly helped combat
efforts away from battlefields. Today, many autistic people work
in the fields of science, technology, accounting, etc., whereas
bipolar disorder is well known within the worlds of artists and
performers, whose skills may come in handy in rallying the
population behind supporting war efforts. So, an idea can be
formed about the roles of these groups of people during warfare.
Obviously, not all color-blind people are warriors, nor are all
autistic people engineers, nor are all bipolar-disorder people
artists or performers. These subgroups instead come as statisti-
cal distributions, and it is their overall distributions as subgroups
that gave an edge to their clans. Given the prevalence rates of
these three groups, perhaps these genetic conditions entered
the human race to help with the survival of individual tribes.
Tribes without these genetic traits may have had disadvantages
in combat situations, and if natural selection is to hold, those
tribes may have perished in history. That is, modern human
societies may all be carriers of these three genetic conditions.
Furthermore, after the prevalence rates of these three conditions
cross over their critical values (due to warfare and elimination of
tribes not possessing these genetic traits), all surviving tribes be-
come equally endowed with these subgroups of people and these
genetic conditions cease to be advantages. That is, all surviving
groups have the exact same advantage. Therefore, it is possible
to have a “decoupling” situation, whereby the prevalence rates
remain “frozen” even as societal sizes increase. Although this
conjecture is speculative, it holds importance and deserves to
be described. If this conjecture holds true, then it suggests that
color blindness, autism and bipolar disorder entered the human
race at around the time of transition from hunter-gatherer society
to the Neolithic agricultural society, or roughly 10,000 years
ago. Though violence has always existed in human societies,
many researchers believe that organized warfare is an invention
of the Neolithic period!,

This conjecture may be testable in the future, if more DNA
samples from early humans can be recovered. Even without
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historical DNA evidences, studies on modern humans may
also shed light on the plausibility of this conjecture. In the
case of color-blindness, some studies have been conducted
a few decades ago on surviving hunter-gatherer societies in
the world%2, and researchers have generally found that color
blindness is rare in these populations. Similarly, there is also
some evidence that bipolar disorder may be rare among hunter-
gatherers?®. All these findings lend support to this conjecture.
It is perhaps not as easy today to conduct similar research re-
garding autism, due to the dwindling number of hunter-gatherer
societies worldwide. Nonetheless, this remains an interesting
topic to explore, as many researchers are looking at these genetic
conditions from the perspective of evolution.

Conclusion

In conclusion, this paper has introduced a Square Root Law
applicable to the estimation of size of outliers, and stated the
context of its derivation. By combining this law with the appli-
cation of the Inverse Herfindahl-Hirschman Index to the binned
normal distribution, an analytic expression for Dunbar’s Number
is created. The Square Root Law of Outliers is proposed to be
a simple rule of thumb to distinguish normal variations from
anomalies for subgroups of genetic conditions. By applying this
analysis to genetic conditions such as color blindness, autism
and bipolar disorder, this paper proposes that these conditions
may have entered the human race about 10,000 years ago to
provide advantages in warfare. The application of the Square
Root Law of Outliers extends beyond human genetics. It can be
applied to general situations where limited attention or resources
pose a constraint, such as prioritizing disease research studies
or addressing political concerns from constituents. It can also
be used to find an appropriate cutoff value for the definition of
exceptional categories.
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