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Anderson localization is the phenomenon in which particles in a quantum state are unable to spread out into the rest of the
system. The effects of exponential decay in normal Anderson localization are well-established; however, the effects of varying
the confining potential and changing the strength of the system’s disorder to the degree of decay remain relatively untouched. We
probe this through a Python simulation of a one-dimensional, non-interacting quantum system. Here we report that varying the
confining potential and the degree of the system’s randomness both lead to a decrease in the degree of the decay (c is less than

2).
Introduction

Quantum mechanics is a fundamental theory in physics that
describes the behavior of light and matter at the atomic and
subatomic levels. This fundamental theory slowly emerged
from other theories to explain observations that classical
physics could not explain. Ever since the concept was
formed, physicists have contributed new observations to
expand the reach of knowledge about quantum mechanics.
One such physicist was PW. Anderson. He theorized that
electron localization—the idea that electrons in an atom
are rigid and associate with a particular atom, effectively
being “localized” to that atom—was possible in a lattice
potential (i.e., a potential in a grid like structure, with points
on the grid spaced apart from each other) under a sufficient
degree of randomness/disorder in the lattice'. Most quantum
systems—microscopic portions of the universe that are under
study made of (possibly) many interacting subatomic particles
such as protons, neutrons and electrons—contain different
types of randomness and disorder such as vacancies and
imperfect atoms2. Such disorder makes localization possible.

The quantum wavefunction is the mathematical object that
predicts the future outcomes of quantum mechanical systems.
Most modern works in this area often discuss particle inter-
actions and/or multi-dimensional systems. Here, we focus
on the localization in single-particle quantum systems in one
dimension as a comparison, where we consider the following
question: “How do varying disordered potentials affect the
structure and localization of single-particle quantum wave-
functions?” Based on the work of Foo et al., we hypothesize
that as the degree of the confining potential increases ((see
equation (13)), the degree of decay of localization increases,

and as the strength of disorder increases, the degree of decay

of localization also increases',

This is a relevant question to ask because as shown by
Foo et al., superexponential (i.e., greater than exponential)
localization can in principle be obtained, and that potentially
could carry over to stabilizing localization in the presence
of interactions in dimensions two and higher!. In summary,
Foo et al. illustrated that in systems with interacting particles
the exponentially localized decay of the wavefunctions of
each particle overlapped. The area in which they overlapped
was quite small but was still large enough to destabilize
the localization®"%, What Foo et al. presented was that if
the wavefunctions decay superexponentially, these overlaps
would be even smaller, and the localization may be stable. To
achieve this, they proposed to add a confining potential in the
form of equation (12) to the random disorder that is seen in
Anderson localization. In the end, what they found was that
at small depths of confining potentials, an exponential best fit
the wavefunction, but at large depths of confining potentials,
a Gaussian fit was more accurate'l. In our paper, we will try
to expand upon their work.

Quantum Mechanics and its Development

Tagged as the “old quantum theory” by physicists, the
foundations of modern quantum mechanics were laid by
discoveries in the 19th and early 20th centuries. However, it
was not until 1925 that the fundamentals of modern quantum
mechanics were formed. In general, quantum mechanics
describes the properties of atomic and subatomic particles. In
this paper, we focus on one property of quantum particles:
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their localization.

Although, various scientists introduced the idea of quan-
tization before 1925. For instance, in 1900, Max Planck
guessed a quantized (i.e., discrete) state of electromagnetic
waves to solve the ‘“ultraviolet catastrophe” problem with
blackbody radiation. Although he found the equation to solve
the problem, he did not believe in atomic theory at the time
and avoided claiming that light was quantized>.

In 1905, while explaining previous experiments about the
photoelectric effect, Albert Einstein stated the claim that
Planck avoided, that light itself is quantized: “In accordance
with the assumption to be considered here, the energy of a
light ray spreading out from a point source is not continu-
ously distributed over an increasing space but consists of a
finite number of energy quanta which are localized at points
in space, which move without dividing, and which can only
be produced and absorbed as complete units”®. Later called
photons, this idea was revolutionary at the time.

The next notable contribution to the understanding of quan-
tum theory was in 1913, when Niels Bohr described a model
of the hydrogen atom. At the time, classical physics showed
that electrons in orbit around the nucleus would eventually spi-
ral inwards and hit it—meaning atoms would not exist. To fix
this, Bohr suggested that electron orbits—more specifically,
angular momentum—are quantized; he could then mathemat-
ically show how electrons in orbit under this assumption do
not hit the nucleus of the atom. With these findings, Bohr
laid the groundwork for old quantum theory, which was im-
proved upon several years later. Although some aspects of
the old quantum theory were “guesses,” many other scientists
performed experiments and gained information using these as-
sumptions. For instance, in 1923, Louis de Broglie discovered
the wave-particle duality of electrons: proposing that particles
display properties of waves and vice-versa’. We will explore
this property in our work by computing the decay length of
electron wavefunctions. A crucial step in unifying these foun-
dational works was the work of Erwin Schrodinger.

In 1926, Schrédinger wrote an equation about the evolu-
tion of the wavefunction. This discovery had a profound im-
pact moving forward as now we could make predictions about
quantum mechanical systems and analyze them®.

Additionally, it reproduced Niels Bohr’s prior work about
the Hydrogen atom while fixing some of the problems with
Bohr’s atomic model”. In this paper, we closely follow
Schrodinger’s equation and the wave-particle duality of
particles.

Anderson Localization

Now we take a deeper look into the specifics of this project.
Published in 1958, PW. Anderson’s paper described the
concept of localization in a random potential—if the disorder
in the system is strong enough, the solutions to Schrodinger’s
equation are localized in space, regardless of the dimension
of the system!’. Localization is defined as when the wave-
function decays fast enough that it is effectively confined
to a finite region of space. Diffusion stops due to quantum
reflections, which occur when atomic particles reflect from
a larger surface after colliding, resulting in the phenomenon
of Anderson localization. Although there are several ways
to characterize localization such as dynamical transport,
spectrum continuity, and spectral statistics, in this paper, we
only use one of them for the experiment: localization of the
eigenstates0.

Methods

We numerically solve for the eigenstates of a family of Hamil-
tonians known to display Anderson localization using Python.
This simulation tries to find the degree of decay from the site
where the particle is localized. The degree of decay can be
represented as the exponent « in the following equation:

vE (i) ~ Ne—(li—xel/§)” (1)

where W (i) is the amplitude of the wavefunction on site i,
N is the normalizing constant, xg is the site the wavefunction
is localized around, and & is the localization length.

In this simulation, we have a Hamiltonian representing par-
ticles being able to move around in space within a lattice and
subject to some potential energy landscape.

We write that Hamiltonian as a matrix in the computer
by discretizing space—which is akin to letting the particles
hop on a lattice. Next, using standard library procedures, we
can diagonalize the Hamiltonian, i.e., find its eigenvalues and
eigenvectors. When one writes a quantum state as a superpo-
sition of different basis vectors, the number in front of each
basis vector squared is the probability of finding the particle
at that point in space. By diagonalizing the Hamiltonian, we
can then find the probability of the particle being at each point
from the components of the eigenstates. We expect these prob-
abilities to be decaying from a point the particle is localized
around. Through this simulation, we are interested in quan-
tifying the rate at which this decay happens. Normally, the
decay is exponential in space'. However, we are trying to de-
termine if the decay rate is greater than an exponential rate
(i.e, superexponential) as we vary the shape of the potential.
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Discretizing Space

To begin attacking this problem, we need a way of represent-
ing particles moving in space. We detail the methods we use
in these next few sections.

Let us consider a particle moving in space, subjected to a
potential energy V = V(x). We can approximate space as a
discrete set of points {x;};, where each x; is a point in a d-
dimensional space. For simplicity, this simulation is in one
dimension, so the points x; are just real numbers. Let us fur-
ther assume the points are uniformly spaced (i.e., each x; is
separated from its nearest neighbors by a distance a, called
the grid spacing). The set of points is effectively a 1d grid of
the form:

{xi=iali € Z}

where 7Z is the set of integers. Typically, we work with finite
grids in simulations, so that i = 1,2,...,N rather than an
arbitrary integer.

The Hamiltonian for our quantum system may always be
expressed as a matrix after a basis has been decided. There
is a particularly straightforward choice of basis for a single
particle traveling on a grid: the set of states in which the
particle is present at a particular grid point x;. We denote the
state in which the particle is at x; as |x;). The set of |x;)’s
forms a basis for the Hilbert Space of the system, which is the
vector space comprised of all possible states of the quantum
system. The action of the Hamiltonian H on the basis states is:

Hlxi) =) Hijilx;) 2
J

The numbers Hj, are the matrix elements of the Hamilto-
nian H in the basis |x;);; they capture how strongly the Hamil-
tonian “connects” the basis states |x;) and |x;). Note that, in
order to ensure the eigenvalues are real, we typically require
the Hamiltonian to be symmetric; that is, Hj, = H,~j. The ma-

trix of H in the basis {|x;)}Y , is then:

Hyy Hy ... Hn
Hyy Hyp ... Hxy

: ) : 3)
Hyy Hyz ... Hyn

We can now find the eigenvalues and eigenvectors of this
matrix.

The Hamiltonian Matrix

We now need to find the matrix elements for our system of
interest. Consider a Hamiltonian of the form:

»?

H=—+V(x 4
TV @
where p is the momentum of the particle. The two terms
in this Hamiltonian represent the kinetic and potential energy
of the particle, respectively. In 1D quantum mechanics, p? is
. . 2

replaced by the second derivative operator: p*> — — h2j7 On
a discrete grid with spacing a, we can approximate the second
derivative as:

d*f Jir1 —2fi+ fim
Pl
where f; = f(x;) is the value of f evaluated at position x;.

In particular, for a quantum state of the form |y) = ¥, wi|x;) ,
we have:

(&)

2 2
p Vi =29+ Wiy
) ==Y 53 |x;) = *t;(‘lflﬂrl =2y + 1) |x)
(6)
where r = I

2ma?*

To get the potential energy, we just multiply it by the value
of the potential at each point in space. For a 1D grid, this takes
the form:

Viy) =Y Vivilx) (7

where V; = V(x;). Combining the previous two equations,
we get:

2
p
Hly) = G-+ V)W) = Y=t (Yisr + i) + (Vit20) il i)
3
Since we can always shift the potential by a constant, we
can absorb the +2¢ into V, and here we can read off what the
matrix elements of H will be:

Hij = —t[8iy1+ ;1] +Vidij ©)

where (equation 10)

S — 4 L (10)
0 m#n
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is the Kronecker delta. In other words, H;; is —t if i and j
differ by 1 (from the kinetic energy piece), and V; if i and j
are equal (from the potential energy piece). The matrix of the
Hamiltonian is then shown in Figure 1.

Vi =t 0 0 - 0
—t Vo =t 0 - 0
0 —t Vy —t - 0
H=| . )
o -- =t Vno1 —t
0 0 0 - —t Vy

Fig. 1 This is the Hamiltonian as a matrix assuming open boundary
conditions (i.e., the values of the potential on the main diagonal, and
—t on the first upper and lower diagonals.

The eigenvalues of the Hamiltonian represent the energies
the system can have, and the eigenvector for each energy value
represents the quantum state of the system, given as some vec-

tor in the vector space of possible states.

Diagonalization

Now that we have the Hamiltonian as a matrix, we can di-
agonalize it using any available diagonalization routine (for
this simulation we will use numpy.linalg.eigh). This gives us
a set of eigenvectors {|¥())}¥ | with associated eigenvalues
{E;}Y |, in the sense that H|'P()) = E;¥()).To connect this
with localization, we are then interested in the components
(¥

of the eigenvectors (i.e., the coefficients ;" in the expan-

sion [Py =¥, ‘PS’) |x;)), and how their magnitude decays in
space.

Let us look at large (N = 100) systems. First, we consider
a system with no potential: V; = 0 for all i. Figure 2 shows
the components of the middle eigenstate (sorted in ascending
order of eigenvalue) as a function of site number i:

Let us now consider the same system, but with each V;
sampled uniformly at random between -1 and 1. An example
of the center wavefunction is shown in Figure 3.

Note that the wavefunction components decay quickly from
the left side of the grid, and do not seep into the rest of the grid
as they did with V = 0. This is precisely the phenomenon of
Anderson localization—the particle remains localized on the
left side of the grid when in this state.

Localization Length

Thus far, we have been considering V; ~ uni[—W, W] (i.e , each
V; sampled uniformly at random between -W and W). Such a
potential is expected to give eigenstates that are exponentially
localized:

wE (i) = Ne~l-1/8 (11)

While expected in the presence of disorder on general
grounds, exponential localization may not survive the pres-
ence of interactions between particles in two or more spatial
dimensions. It is then worth asking whether it is possible to
localize wavefunctions superexponentially; i.e., if we can have
wavefunctions of the form of equation (1) with an o greater
than 1. This question was examined for a cosine in two dimen-
sions and found & ~ 2'. We would like to further this work
and see just how “localized” we can make our wavefunctions.

To that end, Foo et al. took the potential to be:

Vi = cos(2 i) 4 ¢ (12)
n

where f3 is greater than 0 and &; ~ Uni[—W, W], as before.
This cosine term is called a confining potential. The case § =
1 was examined by Foo et al. and arises for example when one
constructs so-called “optical lattices” (in which lasers are used
to confine particles at certain points in space). Although Foo
et al. used equation (12) for the confining potential, we used a
different form of the potential to see if we get different results:
Vi=|(imodAx)—%|ﬁ (13)

where Ax is the period of the potential and f is the ex-
ponent of the potential. See Figure 4 for an example of this
potential in space.

Results

We report two major findings from the simulation: the degree
of the wavefunction decay (o) decreases when the degree of
the confining potential (f3) increases and when the strength
of the system’s disorder (W) decreases. The degree o also
remains between 1 and 2. This suggests that this stabilization
mechanism only works for two dimensions because we
cannot push the decay higher than a Gaussian fit, as originally
reported by Foo et al'l.

Furthermore, we also plotted the localization length (&) as
seen in equation (1) to verify that the system was well local-
ized. We found the system to be quite localized for all values
of B as the localization length is very small. This can be seen
in Figure 6.

Discussion and Conclusion

The results produced prove our original hypothesis wrong.
This shows that the method that we proposed does not work
well, which suggests that this stabilization mechanism only

4 | NHSJS Reports

© The National High School Journal of Science 2023



0.0200
0.0175 ﬂ
0.0150

0.0125

|wil?

0.0100 ‘ ‘ ‘

0.0075 H ‘

0.0050

0.0025

0.0000

40

60 80 100

Fig. 2 A plot of the absolute square of the wavefunction amplitude versus lattice site for the middle eigenstate of a “clean” system (i.e., V; =0
for all sites). We can see that this wavefunction has an appreciable amplitude throughout the entire grid and demonstrates how non-localized

particles can potentially propagate across the entire system
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Fig. 3 A graph representing Anderson localization. Here, the
wavefunction’s amplitude dies off very quickly away from the
center site and has no chance of getting to the right side of the grid.
The curve fit of this graph is the fit of the amplitudes to the form of
equation (1)

works for two dimensions because we cannot push the decay
higher than a Gaussian fit.

This could also mean that we need to choose a better form
of the confining potential in our simulation. This finding could
provide valuable information and an example for future works

0.‘0 2:5 5.‘0 7.‘5 ld.O 12‘.5 15'.0 17‘.5 26.0

Fig. 4 An example of the confining potential used for the
randomness. Here, the period is 5 and f is 2. This function
essentially gives a repeating pattern of powers of the distance (in x)

from the various center positions

aimed at finding such results in dimensions two and higher
and with particle interactions as well. Future works could also
be dedicated to investigating why this method did not work as
expected.
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Fig. 5 A heat map that represents the degree of decay ()
respective to the exponent of the confining potential (f3) and the
disorder strength (W). B was varied from 1 to 4 at intervals of 0.1
and W was varied from 2 to 10 at intervals of 0.1
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Fig. 6 A heat map that represents the localization length (£), which
is in units of the grid spacing, versus the exponent of the confining
potential (8) and the disorder strength (W). B was varied from 1 to
4 at intervals of 0.1 and W was varied from 2 to 10 at intervals of 0.1
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